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Abstract

An automorphism 6 of a group G is pointwise inner if 6(x) is conjugate to x for any
x € G. The set of all pointwise inner automorphisms of group G, denoted by Aut,;(G)
form a subgroups of Aut(G) containing Inn(G). In this paper, we find a necessary and
sufficient condition in certain finitely generated nilpotent groups of class 2 for which
Autpyi(G) = Inn(G). We also prove that in a nilpotent group of class 2 with cyclic
commutator subgroup Auty,;(G) = Inn(G) and the quotient Aut,;(G)/Inn(G) is torsion.
In particular if G’ is a finite cyclic group then Aut,,;(G) = Inn(G).

MSC: Primary 20D45; Secondary 20E36

Introduction

By definition, a pointwise inner automorphism of a group G is an automorphism
0: G — G such that t and 6(t) are conjugate for any t € G. This notion appears in the
famous book of Burnside [1, Note B, p 463]. Denote by Aut,,;(G) the set of all
pointwise inner automorphisms of G.

Obviously, Aut,i(G) contains Inn(G), the group of all inner automorphisms of G.
These groups can coincide, for instance when G is S,,, A, SL, (D) and GL, (D) where D
is an Euclidean domain (see [7], [10], [11]).

By a result of Grossman [5], it turns out that Aut,,,;(G) = Inn(G) when G is a free

group. Endimioni in [4] proved that this property remains true in a free nilpotent group.
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Also Yadav in [12] gave a sufficient condition for a finite p-group G of nilpotent class 2
to be such that Aut,,,;(G) = Inn(G). But the equality does not hold in general.

In fact, in 1911, Burnside posed the following question: Does there exist any finite
group G such that G has a non-inner and pointwise inner automorphism? In 1913,
Burnside himself gave an affirmative answer to this question [3]. Indeed, there are many
examples of groups admitting a pointwise inner automorphism which is not inner (see,
for instance [3], [4], [8], [9], [12] where these groups are besides nilpotent).

Segal also gave a subtle example. He constructed a finitely generated torsion-free

nilpotent group G, in which Aut,,;(G)/Inn(G) contains an element of infinite order
(see [9]).

In this paper we study the pointwise inner automorphisms of a finitely generated
nilpotent group of class 2 with cyclic commutator subgroup.

We introduce the following definition:

Definition. Let G be a finitely generated nilpotent group of class 2. Then G/Z(G) is
finitely generated abelian group and thus G/Z(G) = (x;Z(G)) X...X (xxZ(G)) for some
X4,...,Xg € G. The group G is called d-group if the following distributive law holds in
G,
[x1* .. %5, G] = [Xq, G]* ... [x), G]*

whereo; € Zand 1 <i <k.
Let G be a 2-generator nilpotent group of class 2. It is straightforward to show that G is
a d-group.

To give an example of an infinite d-group, consider the group G with the following
presentation

G = (X1,X2, X3, X4, X: [Xj, Xj] = xMij, [x;,x] =1;1 <i<4 andi <),
where m;;,; =1 forall 1<i<4 and m;; =0 for all i+1<j. Then G'=Z7(G) =
(x) = Z and G/Z(G) = (X1, X3,X3,X4) = Z*. A quick calculation shows that
[X§ix52x32%44, G] = [x4, G]% [x, G]% [x3, G]% [x4, G] = (x%),

Where o; € Z forall 1 <i < 4 and a = gcd(ay, 0, a3, 04). Therefore G is an infinite d-
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group.
Now we give a nilpotent group G of class 2 which is not a d-group.

Let G be a free nilpotent group of class 2 on 4 generators a;, a5, as and a,. If

cj = [aj,a;] for 1 <i<j <4, then the relations in G are [c,ax] =1 for 1 <i<j<
4 and 1 < k < 4, and their consequences. Macdonald in [6] proved that c,3c,, IS not a

commutator. Therefore G is not a d-group.

Theorem 1. Let G be a finitely generated nilpotent group of class 2 and
G/Z(G) = (X1) X ... X (Xi)-
(1) There exists a monomorphism Aut,,;(G) < 1<, Hom((X;), [x;, G]).
(i) If [x;,G] is cyclic for all 1 <i<k, then there exists a monomorphism
Autpy,i(G) © Inn(G).

In particular if G is a d-group of class 2 then the monomorphisms in (i) and (ii) are
isomorphism. Furthermore Autp,i(G) = Inn(G) if and only if [x;, G] is cyclic for all
1<i<k

Notice that if G is a finite group then, as consequence of this result, we derive
Theorem 3.5 and Corollary 3.6 of Yadav in [12].

In particular, we derive the following consequences of Theorem 1.

Corollary 1. Let G be a finitely generated nilpotent group of class 2 in which G’ is
cyclic, then Autp,y,i(G) = Inn(G). In particular if G is finite, then Aut,,,;(G) = Inn(G).

Recall that by Corollary 3.6 in [12], in a finite nilpotent group of class 2, if G’ is
cyclic then Autp,,;(G) = Inn(G). But we cannot hope for a similar conclusion when G
is not finite. We will provide an example in the section 2. However, in a finitely
generated nilpotent group of class 2, by Corollary 1 we have Aut,,,;(G) = Inn(G). So

the structure of Auty,,;(G) is determined.

Corollary 2. Let G be a finitely generated nilpotent group of class 2. If the commutator
subgroup of G is cyclic, then Autp,,;(G)/Inn(G) is torsion.
Let G be a group and N be a non-trivial proper normal subgroup of G. The pair
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(G, N) is called a Camina pair if xN € x5 for all x € G\N. A group G is called a Camina
group if (G, G") is a Camina pair.
Clearly, if G is a Camina group of class 2 then it is a d-group. So, as an immediate

consequence of Theorem 1, one readily gets the following corollary.

Corollary 3. Let G be a finitely generated nilpotent group of class 2. If G is a Camina
group then Aut,,;(G) = Inn(G) if and only if G' is cyclic. Particularly, if G/Z(G) is
finite, then Aut,;(G) = Inn(G) if and only if G is cyclic.

Preliminary results

Our notation is standard. Let G be a group, by C,,, G’ and Z(G), we denote the cyclic
group of order m, the commutator subgroup and the center of G, respectively.

If x,y € G, then x¥ denotes the conjugate element y~xy € G. For x € G, x¢ denotes the
conjugacy class of x in G. The commutator of two elements x,y € G is defined by
[x,y] =x 1y Ixy and more generally, the left-normed commutator of n elements
X1,..., Xy IS defined inductively by

[X1)- » Xn—1Xn] = [X1o -+ Xn—1] " X5 [X1, -+ - Xn—1 ] Xn-

If H < G, [x, H] denotes the set of all [x, h] for h € H, this is a subgroup of G when G is
of class 2. For any group H and abelian group K, Hom(H, K) denotes the group of all
homomorphisms from H to K. Also C* is the set of all central automorphisms of G
fixing Z(G) elementwise.

Yadav in [12] shows that in a finite nilpotent group of class 2, there exists a

monomorphism from Aut,,;(G) into Hom(G/Z(G),G'). It turns out that this result
remains true when G is an infinite nilpotent group of class 2.
For that, let G be a nilpotent group (finite or infinite) of class 2. Let a € Autpy,;(G).
Then the map g » g ta(g) is a homomorphism from G into G’. This homomorphism
sends Z(G) to 1. So it induces a homomorphism f,: G/Z(G) — G', sending g = gZ(G) to
g ta(g), for any g € G. Define

Homywi(G/Z(G), G) = {f € Hom (% G’) (8 € [g,G] for all g € G).

To prove Autp,i(G) =~ Homy,,;(G/Z(G), G"), we use the following well-known result.
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Lemma 1.1 Let N be a normal subgroup of a group G. Let 6 be an endomorphism of G
such that 6(N) < N. Denote by 6 and 6, the endomorphisms induced by 6 in G/N and

N, respectively. If 6 and 6, are surjective (injective), then so is 0.

Proposition 1.2 Let G be a nilpotent group of class 2. Then the above map ¢: a ~ f, is
an isomorphism from Aut,,;(G) into Homy,,,;(G/Z(G), G").
Proof. Since for any a € Aut,,,;(G), by the definition f, € Homy,,;(G/Z(G),G"), ¢ is
well defined. Let a;,a, € Aut,y;(G) and g € G. We have o, (g™ a,(g)) = 8~ ax(g),
since g71a,(g) € G’ < Z(G). This implies that
foyo, (8) = 87 01 (02(8)) = g7 01 (88 t2(8))
=g o (8).- g7 aa(g) = £, (8)- £, (8).

Hence ¢ is a homomorphism. Clearly, ¢ is injective. Now it suffices to show that ¢ is
surjective.

Let f be any element of Hom,,,;(G/Z(G), G"). By Lemma 1.1 a quick calculation shows
that o(o) = f, where o is an element of Aut,,;(G), sending g € G to gf(gZ(G)). Then
we have Auty,,i(G) = Homyy,i(G/Z(G),G").

* Note that if G is a nilpotent group of class 2 then Aut,,,;(G) =~ Homy,,;(G/Z(G), G").

It is easy to see that in a Camina nilpotent group of class 2, Hom,,,,;(G/Z(G),G") =
Hom(G/Z(G), G"). Hence if G isa Camina group of class 2, then Aut,,,;(G) =
Hom(G/Z(G), G").

The following well-known facts will be used repeatedly.

Lemma 1.3 Let A, B and C be abelian groups.
(i) Hom(A x B, C) =~ Hom(A, C) X Hom(B, C).
(i) Hom(A, B x C) = Hom(A, B) X Hom(A, C).
(iii) Hom(C,,, C,,) = C4 where d = gcd(m, n).
(iv) Hom(Z,A) = A.
(v) If A'is torsion group and B is torsion-free group, then Hom(A, B) = 1.

(vi) If gcd(JA], |Bl) # 1, then Hom(A, B) # 1.
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Main Result
Let G be a finite abelian group. We denote by Gy, the p-primary component of G.

Hence G = I,eq(c)Gp Where n(G) denotes the set of all primes p dividing |G.

To prove Theorem 1, we need the following Lemma.

Lemma 2.1 ([1, Corollary 1.4]) Let A and B be two finite abelian groups and
exp(A)|exp(B). Then Hom(A,B) =~ A if and only if B~ C, X H in which C, =
Hpena)Bp and H = Iygra)Bp. In particular, if z(A) = n(B) then this is equivalent to B
is a cyclic group.

Let G be a finitely generated nilpotent group of class 2. Then G/Z(G) is finitely
generated abelian group and thus G/Z(G) = (x;Z(G)) X...X (xxZ(G)) for some
Xq1,..-,Xk € G.

Let f € Hom,y,i(G/Z(G),G). So f(gZ(G)) € [g,G] for all g € G. In particular, for all

1 <i < kwehave f(x;Z(G)) € [x;, G]. Now we prove Theorem 1.

Proof of Theorem 1.

(i) By Proposition 1.2, we have Autp,i(G) =~ Hom,,,;(G/Z(G),G"). It suffices to
show that there exists a monomorphism from Homy,;(G/Z(G),G") into
¥, Hom((x), [x;, G]). Let f € Homyy;(G/Z(G),G’). Denote by f;, the homo-
morphism induced by f in (x;), for all 1 <i < k. Since G is a nilpotent group of
class 2, we have [a™, b] = [a,b]™ = [a,b™] for each a,be G and m € Z.
Consequently, [x{",G] < [x;,G] for all m€Z and 1 <i<k. Therefore f; €
Hom(({x;), [xj, G]). Thus the map o sending any f€ Homy,,;(G/Z(G),G) to
a(f) = (f, ..., i) € [1X, Hom((X;), [x;, G]) is well defined. Now we prove that
this map is a monomorphism. Since (fg); = fig; for each f,g € Homp,;(G/
Z(G),G"Y) and 1 < i < Kk, a is homomorphism. Clearly, kera is trivial, this implies

that o is monomorphism. Hence the proof of (i) is complete.

(if) First we show that [x;,G] is finite if and only if (x;) is finite, and further
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exp([x;, G]) = exp({(X;)) = [X;|. For this, let |[x;, G]| = n. Since G is a nilpotent
group of class 2, we have [x{,g] = [x;,g]" =1 for all g € G and so x{" € Z(G).
Hence (X;) is finite and |x;||n. Conversely if |X;| = m then x" € Z(G) and
[x;, G]™ = [x{", G] = 1. Consequently [x;,G] is finite and exp([x;, G]) = n|m.
Therefore in this case, m = n. Hence by Lemma 2.1, for all 1 <i < k we have
Hom((x;), [x;, G]) = (X;) if and only if [x;, G] is cyclic.

Now from (i), we have a monomorphism from Autp,;(G) into [T, Hom((X;), [x;, G])
and therefore we conclude that there exists a monomorphism Auty,,;(G) < G/Z(G), this
completes the proof of (ii).

If G is a d-group, then it is easy to see that the monomorphism defined in (i) is an

isomorphism from Aut,,,;(G) into [T, Hom((X;), [x;, G]).

Finally to complete the proof, it is sufficient to show that if Auty,,;(G) = Inn(G), then
[xi, G] is cyclic for all 1 <i<k. Since Aut,;(G) = Inn(G), by Proposition 1.2 we
have G/Z(G) = Homy,,;(G/Z(G), G"). On the other hand, G is a d-group and hence

Homyy,;(G/Z(G), G") = [Ti<; Hom((X;), [x;, G]).
It follows that
G/Z(G) = (%7) X ... X (%) = M= Hom((x), [x;, G]).

Now we may assume that (x;) X ... X (x,) Is the torsion part and (X,;1) X ... X (Xg) IS

the torsion-free part of G/Z(G). Since for all 1 <1i < n, exp([x;, G]) = exp(X;) = |xi|
and [Tk, Hom((x;), [xi, G]) = (X1} X ... X (Xp), Hom((x;), [x;, G]) = (x;) for all
1 <i < nand hence [x;, G] is cyclic. Furthermore, we have

[Ticns1 Hom((X0), [xi, GI) = (Ror1) X .. X (%) =2 <.

Now we have Hom({x;), [x;, G]) = [x;, G], since (x;) ~Z and hence [[i2,,; [Xi;, G] =

Z K1, That is [x;,G] = & forall n + 1 < i < k. This implies that [x;, G] is cyclic for all
1 <1i <k, asrequired.

*Notice that if G is a finite group then, as a consequence of this result, we derive
Theorem 3.5 and Corollary 3.6 of Yadav in [12].

The following corollary is an easy consequence of the above theorem.
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Corollary 2.2 Let G be a finitely generated nilpotent group of class 2 with cyclic

commutator subgroup. Then there exists a monomorphism from Aut,,;(G) into Inn(G)

or equivalently Aut,,;(G) is isomorphic to a subgroup of G/Z(G).

Remark 2.3 We keep here the notation used in Theorem 1.

(i) By the discussion of (ii) in Theorem 1, if G’ is finite cyclic, then G/Z(G) is finite
and |Aut,,,;(G)| < [Inn(G)| = |G/Z(G)|. On the other hand, Inn(G) < Aut,,;(G)
conclude that Aut,,;(G) = Inn(G). Note that in this case, G is not necessarily
finite.

(i) If G’ is infinite cyclic, it follows from the discussion of (ii) in Theorem 1, that
G/Z(G) is a free abelian group of finite rank, say r(G/Z(G)) = k. We certainly
have Inn(G) < Aut,,i(G) and thus r(Inn(G)) < r(Aut,,;(G)). Also
r(Auty,i(G)) < r(Inn(G)), since Aut,,;(G) is isomorphic to a subgroup of
Inn(G). Therefore Aut,,;(G) and Inn(G) have the same rank and hence
Auty,i(G) = Inn(G).

Now it is easy to deduce Corollary 1 from Remark 2.3.

Remark 2.4 It is known that in a nilpotent groups of class 2, Inn(G) < Aut,;(G) <
C".So Inn(G) = Aut,,;(G) when Inn(G) = C". In [1] we characterized all non torsion-
free finitely generated groups in which Inn(G) = C*. We proved that Inn(G) = C" if
and only if G is an abelian group or nilpotent of class 2 and Z(G) = C,, x Hx [1" in
which Cy, = yer/2(6)Z(G)py H = Myenc/z(6)Z(G), and r = 0 is the torsion-free
rank of Z(G) and G/Z(G) has finite exponent.
Hence if G is nilpotent group of class 2, Z(G) = C,, x H x [1" and G/Z(G) has finite
exponent then we have Inn(G) = Aut,,;(G). Notice that in this case, G’ is cyclic and
the equality Inn(G) = Aut,,;(G) also follows from Corollary 1.

Recall that by Corollary 3.6 in [12], in a finite nilpotent group of class 2, if G is
cyclic then Aut,,,;(G) = Inn(G). But we cannot hope for a similar conclusion when G
IS not finite.
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For example, consider countably infinitely many copies H;,H,,.. of a given
nilpotent group H of class 2 with cyclic commutator subgroup. Let G (respectively, G)
be the direct product (the cartesian product) of the family (H,);,. Clearly, G and G are
nilpotent of class 2. For each integer i > 0, choose an element a; € H; which is not in
the center of H;. Then the inner automorphism of G defined by a((t)i>¢) = (a7 't:a,)is0
induces in G a pointwise inner automorphism o which is not inner (see [4]).

However, in a finitely generated nilpotent group of class 2 with cyclic commutator
subgroup, we have Aut,,;(G) = Inn(G), by Corollary 1. So the structure of Aut,,;(G)
is determined.

Furthermore it is fairly easy to deduce Corollary 2 from Remark 2.3.

We end this part of the paper with some examples of infinite groups G satisfying the

conditions of Corollary 1 and therefore Aut,,,;(G) = Inn(G).

Example 2.5 Let G = (x,X,, ¥}, ¥,: X} = X5 =y} = L[x;,x:] =y, [y, y,] = [x,y,] =
1;1 <1i,j < 2). Then G satisfies the condition of Corollary 1. We have G’ = (y,) = C,,,
Z(G) =(y,y,) =C,xZand G/Z(G) = (X}, X;) = C, X C, and hence Aut,;(G) =
Inn(G).

Example 2.6 Let G = (x, Xy, X: [X1, X2] = X, [x;,x] = 1; 1 <1 < 2). Then G satisfies the

condition of Corollary 1. We have G' =Z(G) = (x) ~ Z and =

726 (X1, %) =Z X Z

Hence Aut,,;(G) = Inn(G). It is easy to see that in this case every pointwise inner

automorphism is inner and so Aut,,;(G) = Inn(G) (see [1, Example 3.4]).
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