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Abstract 

We introduce quasi-cofaithful ideals which are a generalization of cofaithful ideals, and 

investigate their properties. We hold that a faithful ideal I is quasi-cofaithful if  I  contains 

a finitely generated faithful ideal 1I . We show that every faithful ideal of  R  is quasi-

cofaithful if and only if every faithful ideal of )(RM n  is quasi-cofaithful. Also we show 

that if  R  has the descending chain condition on right annihilators of right ideals, then each 

faithful ideal of R  is quasi-cofaithful. For a u.p.-monoid  ,M  it is shown that if R  is a 

quasi-Baer ring, then each faithful ideal of R  is quasi-cofaithful if and only if each faithful 

ideal of the monoid ring ][MR  is quasi-cofaithful. 

 

1. Introduction 

Throughout this paper R  denotes an associative ring with identity and all modules 

are unitary. A module RM  is said to be cofaithful if there exists a finite subset MX ⊆  

such that 0}0|{)( ==∈= XrRrXrR , or equivalently, if for some direct sum k
M  of k  

copies of RM  there exists an exact sequence k
MR →→0 . Recall that an ideal (right 

ideal) I  of a ring R  is called faithful whenever 0)( =IrR . For a nonempty subset� X  of 

R , )(XrR , >< X and )(XR� denote the right annihilator of X  in R , the ideal generated 

by X  and the left annihilator of X  in R , respectively. Beachy and Blair [1] studied 

rings that satisfy the condition that every faithful right ideal I of R  is cofaithful. 
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Faith [5] introduced the class of right zip rings. Faith [5] called a ring R  right zip 

provided that if the right annihilator of a subset X  of R , )(XrR , is zero, then 0)( =YrR �

for a finite subset XY ⊆ ; equivalently, for a left ideal L  of R  with 0)( =LrR , there 

exists a finitely generated left ideal LL1 ⊆  such that 0)( 1 =LrR . Left zip rings are 

defined similarly.  A ring R  is zip if it is right and left zip. 

If R  is a right zip ring, then every faithful right ideal I  of R  is cofaithful. In fact, 

the class of right zip rings is a proper subclass of rings whose faithful right ideals are 

cofaithful. Note that a commutative ring R  is zip if and only if every faithful (right) 

ideal of R  is cofaithful. We denote the nn ×  full matrix ring over R  by )(RM n . 

Beachy and Blair [1, Proposition 1.9] proved that if R  is a commutative ring in 

which every faithful ideal is cofaithful, then every faithful ideal of ][xR  is cofaithful. 

Cedó [3, Example 1] proved that there exists right (or left) zip ring R  such that )(RM 2  

is not right (left) zip. Also, he proved that if R  is a commutative zip ring, then )(RM n  

is a right zip ring. Zelmanowitz [13, Introduction] noted that any ring satisfying the 

descending chain condition on right annihilators is right zip, and he also showed that 

there exist commutative zip rings which do not satisfy the descending chain condition 

on (right) annihilators. 

Faith [6, Corollary 8.5] proved that if R  is a commutative zip ring and G  is a finite 

abelian group, then the group ring ][GR  of G  over R  is zip. 

A ring R  is called Armendariz if whenever polynomials n

n10 xaxaaxf +++= �)( , 

][)( xRxbxbbxg
m

m10 ∈+++= �  satisfy 0)()( =xgxf , then 0=jiba  for each ji, . 

Hong, et al. [9] studied the extensions of noncommutative zip rings. If R  is an 

Armendariz ring, then R  is right zip if and only if ][xR  is right zip if and only if 

],[ 1
xxR

−  is right zip. 

Motivated by results in Beachy and Blair [1], Cedó [3], Zelmanowitz [13] and Hong 

et al. [9], we investigate a generalization of cofaithful ideals which we call quasi-

cofaithful ideals. We say a faithful ideal I  is quasi-cofaithful if  I  contains a finitely 

generated faithful ideal 1I . 
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We show that every faithful ideal of R  is quasi-cofaithful if and only if every 

faithful ideal of )(RM n  is quasi-cofaithful. Also we show that if R  has the descending 

chain condition on right annihilators of ideals, then each faithful ideal of R  is quasi-

cofaithful. For a u.p.-monoid M , it is shown that if R  is a quasi-Baer ring, then each 

faithful ideal of R  is quasi-cofaithful if and only if each faithful ideal of monoid ring 

][MR  is quasi-cofaithful. As a corollary, we show that if R  is a semiprime or quasi-

Baer ring, then each faithful ideal of R  is quasi-cofaithful if and only if each faithful 

ideal of ][xR  is quasi-cofaithful if and only if each faithful ideal of ],[ 1
xxR

−  is quasi-

cofaithful. Also we show that each faithful ideal of R  is quasi-cofaithful if and only if 

for each 2n ≥ , each faithful ideal of >< nxxR /][  is quasi-cofaithful. 

 

2. On quasi-cofaithful ideals 

Definition 2.1. Let I  be a faithful ideal of a ring R . We say that I  is quasi-cofaithful 

whenever I  contains a finitely generated faithful ideal 1I  of R . 

Obviosly, cofaithful ideals are quasi-cofaithful. Also faithful ideals of right zip rings 

and faithful ideals of prime rings are quasi-cofaithful. If R  is a commutative ring, then 

R  is zip if and only if all faithful ideals of R  are quasi-cofaithful. 

Remark. Cedó [3, Example 1] proved that there exists right (or left) zip ring R  such 

that )(RM 2  is not right (left) zip.  

The following theorem shows that there exists non right zip ring R  such that all 

faithful ideals of R  are quasi-cofaithful. 

Theorem 2.2. Let R  be a ring and n  a positive integer. Then each faithful ideal of R  is 

quasi-cofaithful if and only if each faithful ideal of )(RM n  is quasi-cofaithful. 

Proof. Assume that each faithful ideal of R  is quasi-cofaithful. Let J  be a faithful ideal 

of )(RM n . There exists a faithful ideal I of R  such that )(IMJ n= . Since each faithful 

ideal of R  is quasi-cofaithful, there exists a finite subset IB ⊆  such that 0)( =>< BrR . 

Then 0))(()( =>< BMr nRM n
. Since >< B  is a finitely generated ideal of R , hence 

)( >< BM n  is a finitely generated ideal of )(RM n . Therefore J  is quasi-cofaithful. 
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     Conversely, suppose that each faithful ideal of )(RM n  is quasi-cofaithful. Let I  be 

a faithful ideal of R . Then )(IM n  is a faithful ideal of )(RM n . Since each faithful ideal 

of� )(RM n is�quasi-cofaithful,�there�exist� )(,, IMAA nm1 ∈� such�that 

0),,( 1)( =>< mRM AAr
n

� . There exists an ideal 1I  of R  such that )(,, 1nm1 IMAA >=< � . 

Clearly� II1 ⊆ �and� 1I �is�a�finitely�generated�ideal�of�R .�If� )( 1R Ira ∈ ,�then  

0)( =× aIRMA nnni  for m1i ,,�= , where nnI ×  is the identity matrix of )(RM n .�Thus 

0),,( 1)( =><∈× mRMnn AAraI
n

� , and so 0=a . Hence I  is quasi-cofaithful.  

Proposition 2.3. A ring R  has the descending chain condition on right annihilators of 

ideals if and only if for each ideal I  of R  there exists a finitely generated ideal II1 ⊆  

such that )()( IrIr R1R = . 

Proof. Assume that R  has the descending chain condition on right annihilators of 

ideals. Let I be an ideal of R . Assume that� JJrX R |)({=  is a finitely generated ideal of 

R  contained in }I . Choose a finitely generated ideal 1I  of R  contained in I  such that 

)( 1R Ir �is�a�minimal�element�of� X .�We�claim�that� )()( IrIr R1R = .�Clearly, )()( 1IrIr RR ⊆ . 

Now, let )( 1Ira R∈ such that )(Ira R∉ .Then oxa ≠ , for some Ix ∈ . Let >=< xII ,12 be 

the ideal of R  generated by }{1 xI � . Then 2I  is finitely generated and contained in I  

and )()( 12 IrIr RR ⊂ , which is a contradiction.  

Conversely, let �⊇⊇⊇ 321 AAA  be a descending chain of right annihilators of  

ideals of R . Let )( iR1i AI ��
∞
== . Clearly I  is an ideal of R . Then there exists a subset 

Ixx n1 ⊆},,{ �  such that )(),,( Irxxr Rn1R =>< � . There exists a positive integer k  

such that� )(},,{ iRn1 Axx �� ⊆ , for all ki ≥ . But for ki ≥ ,�

iRn1RiRRi AIrxxrArA ⊆=><⊆= )(),,())(( �� . Hence )(IrA Ri =  for each ki ≥  and the 

chain terminates at kA .  

Theorem 2.4. Let R  has the descending chain condition on right annihilators of ideals. 

Then each faithful ideal of R  is quasi-cofaithful. 

Proof. If follows from Proposition 2.3.  

Proposition 2.5. Let R  be a ring such that every faithful ideal is quasi-cofaithful. 

1- R  is not a direct product of infinitely many (nontrivial) rings. 

2- If R  is semiprime, then it contains no infinite direct sum of nonzero ideals. 
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Proof. (1). Assume that ∏ ∈
=

Ii iRR , where I is an infinite set and iR  is a ring, for each 

Ii ∈ . Let iIi RA ∈⊕= . Then A  is a faithful ideal of R  but not quasi-cofaithful. 

(2). Assume that i1i AA ∞
=⊕=  is an infinite direct sum of ideals of R . First we show 

that  0)( =ArA R�  and )(ArA R⊕  is a faithful ideal of R . Let ))(( ArArI RR ⊕= . Then 

)(ArI R⊆ , and 0)( =IArR . Hence 02 =I  and so 0=I , since R  is semiprime. By a 

similar argument one can show that 0)( =ArA R� .  

By assumption there exist )(,, ArAxx Rk1 ⊕∈� , such that 0)( 1 =++ RxRxr kR � . 

But there exists an integer n  such that )(ArAAx Rn1i ⊕⊕⊕∈ �  for all  i , and so for 

any 10 +∈≠ nAy  we have 0)( 1 =++∈ RxRxry kR � , a contradiction. 

We denote the nn ×  upper triangular matrix ring over a ring R  by )(RTn . 

Remark. Hong et al. [9, Proposition 4] showed that there exists an nn ×  upper 

triangular matrix ring over a right zip ring which is not right zip for any 2n ≥ .  

The next theorem allows us to construct numerous examples of non right zip rings 

such that each faithful ideal is quasi-cofaithful. For each nji1 ≤≤ , , let ijE  be the 

matrix units. 

Theorem 2.6. Let R  be a ring and 2n ≥ . Then each faithful ideal of R  is quasi-

cofaithful if and only if each faithful ideal of )(RTn  is quasi-cofaithful. 

Proof. Assume that each faithful ideal of )(RTn  is quasi-cofaithful. Let I  be a faithful 

ideal of R . Then )(ITn  is a faithful ideal of )(RTn  and so there exist )(,, ITAA nm1 ∈�  

such that 0),,( 1)( =>< mRT AAr
n

� . Let )( s

ijs aA =  for ms ,,1�= . Let 

},,,,|{ nji1m1saX
s

ij ≤≤== �  and >=< XJ . Since 0),,( 1)( =>< mRT AAr
n

� , we 

have 0)( =JrR . Therefore I  is quasi-cofaithful. 

Conversely, assume that each faithful ideal of R  is quasi-cofaithful. Let X  be a 

faithful ideal of )(RTn . Let }|{ XaERaI i1i1 ∈∈=  for n1i ,,�= . Since XXEE ii11 ⊆  

and XXEE i111 ⊆ , hence i1I  is an ideal of R  and i111 II ⊆ , for n1i ,,�= . Thus 

YEIEIEIY n11121111111 ⊆+++= �  is an ideal of )(RTn . Since X  is a faithful ideal of 

)(RTn , hence 0)( 11 =IrR . Since each faithful ideal of R  is quasi-cofaithful, there exists 

a finitely generated faithful ideal 11J  of R  such that 1111 IJ ⊆ . Then 

XEJEJEJ n11121111111 ⊆+++ �  is a finitely generated ideal of  )(RTn . One can easily 

check that 0)( 11121111111)( =+++ nRT EJEJEJr
n

� . Therefore X  is quasi-cofaithful.  
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Now we consider a special kind of subring of nn ×  upper triangular matrix ring. For 

a ring R  and 2n ≥ , we consider the ring 
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Corollary 2.8. Let R  be a ring and 1≥n . Then each faithful ideal of R  is quasi-

cofaithful if and only if each faithful ideal of 
>< +1

][
n

x

xR
 is quasi-cofaithful. 

Proof.  Since 
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as used in the proof of Theorem 2.7, one can prove it. 

According to Hirano [8], a ring R  is called to be quasi-Armendariz if whenever 

polynomials� n

n10 xaxaaxf +++= �)( , ][)( xRxbxbbxg
m

m10 ∈+++= � �satisfy 

0)(][)( =xgxRxf , then 0=jiRba  for each ji, . If R  is a commutative ring, then R  is 

quasi-Armendariz if and only if it is Armendariz. It should be notied that reduced rings 

(i.e., rings with no nonzero nilpotent elements) are Armendariz and quasi-Armendariz. 

The following examples show that there exist quasi-Armendariz rings such that some of 

faithful ideals are not quasi-cofaithful. 

Example 2.9. (1) Let F  be a field and ∏
∞

=
=

1i iFR  where FFi =  for all i . Then R  is 

reduced and so it is quasi-Armendariz. Let i1i FI ∞
=⊕= . Then I  is a faithful ideal of R . 

But for each Iaa m1 ∈,,� , 0)( 1 ≠++ RaRar mR � . Hence I  is not quasi-cofaithful. 

     (2) Let R  be the ring in (1). Then )(RM n  and )(RTn  are quasi-Armendariz, by 

[8, Theorem 3.12 and Corollary 3.15]. But )(RM n  and )(RTn  have faithful ideals which 

are not quasi-cofaithful, by Theorems 2.2 and 2.6. 

According to [7], for a monoid M , a ring R  is called M -quasi-Armendariz, if 

nn11 gaga ++= �α , ][MRhbhb mm11 ∈++= �β  satisfy 0][ =βα MR , then 0=jiRba  

for each ji, . Clearly, for }0{�NM = , a ring R  is M -quasi-Armendariz if and only if 

R  is quasi-Armendariz.  

Recall that a monoid M  is called a unique product monoid (or  u.p.-monoid)  if for 

any two nonempty finite subsets MBA ⊆,  there exists an element Mg ∈  uniquely 

presented in the form ab  where Aa ∈  and Bb ∈ . The class of u.p.-monoids is quite 

large and important. For example, this class includes the right or left ordered monoids, 

submonoids of a free group, and torsion-free nilpotent groups. Every u.p.-monoid M  

has no non-unity element of finite order. We use ][MR  to denote the monoid ring 

M over R . 
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An ordered set ( ≤,S ) is called artinian if every strictly decreasing sequence of 

elements of S  is finite, and ( ≤,S ) is called narrow if every subset of pairwise 

orderincomparable elements of S  is finite. It is easy to see that ( ≤,S ) is artinian an 

narrow if and only if every nonempty subset of S  contains at least one, but only a finite 

number, of minimal elements. For a partially ordered set X  we write min X  to denote 

the set of minimal elements of  X . 

Marks et. al. [10] introduced a new class of u.p.-monoids as follows: An ordered 

monoid ( ≤,M ) is called an artinian narrow unique product monoid (or an a.n.u.p.-

monoid, or simply a.n.u.p.) if for every two artinian and narrow subsets A  and B  of M  

there exists a u.p. element in the product AB . Also an ordered monoid ( ≤,M ) is called 

a minimal artinian narrow unique product monoid (or a m.a.n.u.p.-monoid, or simply 

m.a.n.u.p.) if for every two artinian and narrow subsets A  and B  of M there exist 

∈a min A  and ∈b min B  such that ab �is a u.p. element of AB . 

For an ordered monoid ( ≤,M ), Marks, Mazurek and Ziembowski [10] proved the 

following implications: 

M  is a commutative, torsion-free, cancellative monoid 

�  

( ≤,M ) is quasitotally ordered 

�  

( ≤,M ) is a m.a.n.u.p.-monoid 

�  

( ≤,M ) is an a.n.u.p.-monoid 

�  

 M is a u.p.-monoid 

Also they showed that all of the implications in diagram above are irreversible. 

Theorem 2.10. Let R  be a ring and M  a u.p.-monoid. If R  is M -quasi-Armendariz, 

then each faithful ideal of R  is quasi-cofaithful if and only if each faithful ideal of 

][MR  is quasi-cofaithful. 

Proof. Assume that each faithful ideal of R  is quasi-cofaithful. Let J  be a faithful ideal 

of ][MR . Let I  be the set of all coefficients of elements of J  in R . Then I is a 

faithful ideal of R , and by assumption there exist Iaa m1 ∈,,�  such that 

0)( 1 =++ RaRar mR � . For each ia  there exists J
ia ∈α  such that ia  is a one of the 
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coefficients of 
iaα . We claim that 0])[][(

1][ =++ MRMRr
maaMR αα � . Let 

])[][(][ MRMRrhbhb
m1 aaMRnn11 ααβ ++∈++= �� . Then 0][ =βα MR

ia , for each 

m1i ,,�= . Hence 0=jiRba  for each ji, , since R �is M -quasi-Armendariz. Thus 

0)( 1 =++∈ RaRarb mRj � , for each n1j ,,�= , and so 0=β . Therefore J  is quasi-

cofaithful. 

Conversely, assume that each faithful ideal of ][MR �is quasi-cofaithful. Let I  be a 

faithful ideal of R . We show that ][MI  is a faithful ideal of ][MR .  Let 

])[(][ MIrhbhb MRnn11 ∈++= �β . Then 0=iIb  for each n1i ,,�= . Hence 

0)( =∈ Irb Ri  for each i  and so ][MI  is faithful. There exist ][,, MIm1 ∈αα �  such 

that 0])[][( 1][ =++ MRMRr mMR αα � .  Let 
m1 nm1m2212n12111 aaaaaaa ,,,,,,,,, ��� be 

the all coefficients of m1 αα ,,�  in R . We claim that 0)( 11 =++ RaRar
mnmR � . If 

)( RaRarb
mnm11R ++∈ � , then 0])[][( 1 =++ bMRMR mαα � , and so 0=b . Therefore  

I  is quasi-cofaithful. 

By [7, Proposition 1.7], if R  is a semiprime ring and M  a u.p.-monoid, then R  is 

M -quasi-Armendariz. Hence we have the following result. 

Corollary 2.11. Let R  be a semiprime ring and M  a u.p.-monoid. Then each faithful 

ideal of R  is quasi-cofaithful if and only if each faithful ideal of ][MR  is quasi-

cofaithful. 

According to [4], a ring R  is called quasi-Baer if the right annihilator of every right 

ideal of R  is generated by an idempotent. Note that this definition is left-right 

symmetric. By [7, Corollary 2.4], if R  is a quasi-Baer ring and M  a u.p.-monoid, then 

R  is M -quasi-Armendariz. Hence we have the following result. 

Corollary 2.12. Let R  be a quasi-Baer ring and M  a u.p.-monoid. Then each faithful 

ideal of R  is quasi-cofaithful if and only if each faithful ideal of ][MR  is quasi-

cofaithful. 

Note that by [2, Proposition 2.1] if αR  is quasi-Baer for each Λ∈α , then 

∏ Λ∈
=

α αRR   is quasi-Baer. Hence Example 2.9(1) shows that there exists a quasi-

Baer ring R  such that has a faithful ideal which is not quasi-cofaithful. 

Beachy and Blair [1, Proposition 1.9], proved that a commutative ring R  is zip if and 

only if ][xR  is zip. In Theorem 2.10, if we consider }0{�NM =  or ZM = , then we 

have the following result. 
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Corollary 2.13. Let R  be a quasi-Armendariz ring. Then the following are equivalent: 

1- Each faithful ideal of R is quasi-cofaithful; 

2- Each faithful ideal of ][xR  is quasi-cofaithful; 

3- Each faithful ideal of  ],[ 1xxR −  is quasi-cofaithful. 

Since quasi-Baer rings are quasi-Armendariz [8, Corollary 3.11], hence we have the 

following result. 

Corollary 2.14. Let R be a quasi-Baer ring. Then the following are equivalent: 

1- Each faithful ideal of R  is quasi-cofaithful; 

2- Each faithful ideal of ][xR  is quasi-cofaithful; 

3- Each faithful ideal of ],[ 1
xxR

−  is quasi-cofaithful. 
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