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Abstract 

In this paper, the numerical algorithms for solving ‘fuzzy ordinary differential equations’ 

are considered. A scheme based on the 4
th

 order Runge-Kutta method is discussed in detail 

and it is followed by a complete error analysis. The algorithm is illustrated by solving some 

linear and nonlinear fuzzy Cauchy problems. 

 

1. Introduction 

The concept of fuzzy derivative was first introduced by S.L. Chang, L.A. Zadeh in 

[1]. It was followed up by D.Dubois, H. Prade in [2], who defined and used the 

extension principle. The fuzzy differential equation and the initial value problem were 

regularly treated by O. Kaleva in [5] and [6], by S. Seikkala in [7]. The numerical 

method for solving fuzzy differential equations is introduced by M. Ma, M. Friedman, 

A. Kandel in [10] by the standard Euler method. The structure of this paper organizes as 

follows: 

In section 2 some basic results on fuzzy numbers and definition of a fuzzy derivative, 

which have been discussed by S. Seikkala in [10], are given. In section 3 we define the 

problem, this is a fuzzy Cauchy problem whose numerical solution is the main interest 

of this work. The numerically solving fuzzy differential equation by 4
th

 order Runge-

Kutta method is discussed in section 4. The proposed algorithm is illustrated by solving 

some examples in section 5 and conclusion is in section 6. 

Keywords: Fuzzy Differential Equation, 4
th

 Order Runge-Kutta Method, Fuzzy Cauchy Problem. 
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2. Preliminaries 

Consider the initial value problem 









.)(

,));(,()('

ay

btatytfty
 

The basis of all Rung-Kutta methods is to express the difference between the value of 

y at 1nt  and nt  as  

.
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1 
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iinn kwhyy  

where the ,

iw s for ,,...2,1 mi   are constants and 
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j

jijnini khyhtfk   

Equation (2) is to be coincident whit Taylor series order .m  Therefore, the truncation 

error mT , can be written as  

).( 21   mm

mm hOhT   

The true magnitude of m  will generally be much less than the bound of Theorem 2.1. 

Thus, if the )( 2mhO  term is small compared with ,1m

mh  as we expect, to be so if h  

is small enough, then the bound on ,1m

mh  will usually be a bound on the error as a 

whole. The famous nonzero constants iji  ,  in 4
th

 order Runge-Kutta method are  
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where 

bttta N  ...10  and .1 ii tt
N
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h 


   

(1) 

(5) 

(3) 

(2) 

(4) 
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Theorem 2.1. Let ),( ytf  belong to ],[4 baC  and let its partial derivatives be 

bounded and assume there exist, MP, , positive numbers, such that  

 

,,||,|),(|
1

mji
M
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f
Mytf

j

ji

ji

ji
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
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then in the 4th order Rung-Kutta method (Proof [9]). 

).()( 645

720
73

11 hOMPhyty ii    

A triangular fuzzy number  , is defined by three numbers 321 aaa   where the 

graph of )(x , the membership function of the fuzzy number  , is a triangle with base 

on the interval ],[ 31 aa , and vertex at 2ax  . We specify   as )//( 321 aaa . We will 

write: 0)1(   if 0)2(;01  a  if 01 a ; 0)3(   if 03 a ; and 0)4(   if 03 a   

Let E  be the set of all upper semicontinuous normal convex fuzzy numbers with 

bounded r-level sets It means that if Ev  then the r-level set 

,10,})(|{][  rrsvsv r  

is a closed bounded interval which is denoted by 

.)](,)([][ 21 rvrvv r   

Let I  be a real interval. A mapping EIx :  is called a fuzzy process and its r-level 

set is denoted by 

.]1,0(,,]);(,);([)]([ 21  rItrtxrtxtx r  

The derivative )(' tx  of a fuzzy process x  is defined by 

,]1,0(,,]);(',);('[)]('[ 21  rItrtxrtxtx r  

provided that this equation defines a fuzzy number, as in Sikkala [7].  

 

Lemma 2.1. Let Ewv ,  and s  be a scalar (.see [7]). Then for ]1,0(r  
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
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3. A Fuzzy Cauchy Problem 

Consider the fuzzy initial value problem 









,)0(

,],0[,))(,()('

0yy

TIttytfty
 

where f  is a continuous mapping from RR   into R  and Ey 0  with r-level sets 

.]1,0(,)];0(,);0([][ 210  rryryy r  

The extension principle of Zadeh leads to the following definition of ),( ytf  when 

)(tyy  is a fuzzy number 

.,)},(|)(sup{)(),( Rstfsysytf    

It follows that 

,]1,0(,)];,(,);,([)],([ 21  rrytfrytfytf r  

where 

.)]};(,);([|),(max{);,(

,)]};(,);([|),(min{);,(

212

211

rtyrtyuutfrytf

rtyxrtyuutfrytf




 

 

Theorem 3.1. Let f  satisfy  

,,,0,)||,(|),(),(| Rvvtvvtgvtfvtf   

where   RRRg :  is a continuous mapping such that ),( rtgr  is 

nondecreasing, the initial value problem 

,)0(,))(,()(' 0uututgtu   

has a solution on R  for 00 u  and that 0)( tu  is the only solution of (8) for 00 u . 

Then the fuzzy initial value problem (6) has a unique fuzzy solution.  

Proof [7].  

4. 4
th

 Order Runge-Kutta Method 

Let the exact solution )];(),;([)]([ 21 rtYrtYtY r   be approximated by some 

)];(),;([)]([ 21 rtyrtyty r  . From (2),(3) we define  

(6) 

(8) 

(7) 
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Where in the 4
th

 order Runge-Kutta method, 
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Define, 

)).;(,());(,(2));(,(2));(,()];(,[
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The exact and approximate solutions at Nntn 0,  are denoted by 

)];(),;([)]([ 21 rtYrtYtY nnrn   and )];(),;([)]([ 21 rtyrtyty nnrn  , respectively. The 

solution is calculated at grid points of (5). By (9),(13) we have  

,]);(,[);();(
6111 rtYtFrtYrtY nn
h

nn   

.]);(,[);();(
6212 rtYtGrtYrtY nn
h

nn   
(14) 

(9) 

(10) 

(11) 

(13) 

(12) 
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We define 

,]);(,[);();(
6111 rtytFrtyrty nn
h

nn   

,]);(,[);();(
6212 rtytGrtyrty nn
h

nn   

the following lemmas will be applied to show convergence of these approximates,i.e., 

);();(lim 110 rtYrtyh  , 

);();(lim 220 rtYrtyh  . 

 

Lemma 4.1. Le tthe sequence of numbers  N

nnW
0

 satisfy 

BWAW nn  |||| 1 ,  10  Nn , 

for some given positive constants A  and B ( Proof [10]).Then 

,
1

1
|||| 0






A

A
BWAW

n
n

n   Nn 0 . 

 

Lemma 4.2. Let the sequence of numbers  N

nnW
0
 ,  N

nnV
0
satisfy  

BVWAWW nnnn  |}||,max{|.|||| 1 , 

BVWAVV nnnn  |}||,max{|.|||| 1 , 

for some given positive constants be A  and B ., and denote 

|||||| nnn VWU  ,  Nn 0 . 

Then 

1

1
|||| 0











A

A
BUAU

n
n

n ,  Nn 0 , 

where AA 21


 and BB 2


( Proof [10]). 

Let ),,( vutF  and ),,( vutG  be obtained by substituting ],[)]([ vuty r   in (13).  

).,,(),,(2),,(2),,(],,[

),,,(),,(2),,(2),,(],,[

2,42,32,22,1

1,41,31,21,1

vutkvutkvutkvutkvutG

vutkvutkvutkvutkvutF




 

The domain where F and G  are defined is therefore  

},,0|),,{( vuvTtvutK  . 

(15) 
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Theorem 4.1. Let ),,( vutF  and ),,( vutG  belonged to )(4 KC  and let the partial 

derivatives  of F  and G  be bounded over K . Then, for arbitrary fixed 

10:  rr , the approximative solutions (14) converge to the exact solutions );(1 rtY  

and );(2 rtY  uniformly in t. 

 

Proof. It is sufficient to show 

,);();(lim 110 rtYrty NNh   

,);();(lim 220 rtYrty NNh   

where TtN  . For 1,...,1,0  Nn , by using Taylor theorem we get 

),()];(),;(,[);();( 645

720
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216111 hOMPhrtYrtYtFrtYrtY nnn
h
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),()];(),;(,[);();( 645

720
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216212 hOMPhrtYrtYtGrtYrtY nnn
h

nn   

denote 

);();( 11 rtyrtYW nnn  , 

.);();( 22 rtyrtYV nnn   

Hence from (15) and (16) 
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h
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h
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Then 
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3
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),(|}||,max{|.|||| 645

720
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3
1

1 hOMPhVWLhVV nnnn   

for ],0[ Tt and 0L is a bound for the partial derivatives of F and G. Thus by  

 

lemma 4.2 
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where |||||| 000 VWU  . In particular 
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N
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Since 000 VW  we obtain 
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3
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e
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N 


  

)(
1

)(|| 544
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3

2

hOh
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e
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LT

N 


  

and if 0h  we get 0NW  and 0NV  which completes the proof. 

 

5. Examples 
 

Example 5.1. Consider the fuzzy initial value problem, [10], 

 









.10,)125.0125.1,25.075.0()0(

,],0[,)()('

rrry

TIttyty
 

 

By using 4
th

 order Runge-Kutta method we have 

]
2462

1)[;();(
432

111

hhh
hrtyrty nn  , 

]
2462

1)[;();(
432

212

hhh
hrtyrty nn  , 

 

The exact solution is given by 

teryrtY );0();( 11    ,  
teryrtY );0();( 22   

which at 1t , 

 

10],)125.0125.1(,)25.075.0[();1(  rererrY . 
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The exact and approximate solutions are compared and plotted at 1t  in Figure (5.1). 

Figure (5.1), ( 5.0h ) 

Example 5.2. Consider the fuzzy initial value problem, [10], 









.10,))1(5.0),1(5.0()1(

,]1,1[],[,)()('

rrerey

battyty
 

We separate between two steps. 

0)( ta : The parametric form in this case is 

),;();(',);();(' 1221 rtytrtyrtytrty   

with the initial conditions given. The unique exact solution is 

);0(
2

);0(
2

);( 121 ry
BA

ry
BA

rtY





 , 

);0(
2

);0(
2

);( 122 ry
BA

ry
BA

rtY





 , 

where 2

)( 22 at

eA



 ,
A

B
1

 . 

0)( tb : The parametric equations are  

),;();(',);();(' 2211 rtytrtyrtytrty   
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with the initial conditions given. The unique exact solution at 0t  is 

2
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2
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By using 4
th

 order Runge-Kutta method at Nntn 0,  we have 
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Where 

).;();();(,);();();(

),;();();(,);();();(

),;();();(,);();();(

2,312,31,311,3

2,2222,21,2211,2
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By considering 0t and 0t ,the above minimizing and maximizing problems can be 

solved by GAMS software. The exact and approximate solutions are compared and 

plotted in Fig.(5.2). 

Figure (5.2), )4.0( h  
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Example 5.3. Consider the fuzzy initial value problem 

,0)0(,)()(' 2

2

1  yctycty  

where ,0ic  for 2,1i  are triangular fuzzy numbers, [11]. 

The exact solution is given by 

))((tan)();( 111 trrlrtY  , 

))((tan)();( 222 trrlrtY  , 

with  

,)(/)()(,)(/)()( 2,12,221,11,21 rcrcrlrcrcrl   

,)(/)()(,)(/)()( 2,22,121,21,11 rcrcrrcrcr    

 

where 

)](),([][ 2,11,11 rcrcc r   and  )](),([][ 2,21,22 rcrck r  

and 

.25.025.1)(,25.075.0)(,5.05.1)(,5.05.0)( 2,21,22,11,1 rrcrrcrrcrrc   

The r-level sets of )(' ty  are 

,))((sec)();('

,))((sec)();('

2

2

2,22

1

2

1,21

trrcrtY

trrcrtY








 

which defines a fuzzy number. We have 

)]},(),([)],(),([)],;(),;([|min{);,( 2,21,222,11,11212

2

11 rcrccrcrccrtyrtyucucrytf   

)]},(),([)],(),([)],;(),;([|max{);,( 2,21,222,11,11212

2

12 rcrccrcrccrtyrtyucucrytf 

By using 4
th

 order Runge-Kutta method at Nntn 0,  we have 

).();().();(

),();().();(

),();().();(

),();().();(

),();().();(

),();().();(

),();().();(

),();().();(

2,2

2
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2

1,31,11,4

2,2

2

2,22,12,3

1,2

2

1,21,11,3
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2
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1,11,11,2
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2

22,12,1
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2

11,11,1

rcrtzrcrtk
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rcrtzrcrtk

rcrtzrcrtk
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rcrtyrcrtk
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nn
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where 

).;();();(,);();();(

),;();();(,);();();(

),;();();(,);();();(

2,312,31,311,3

2,2222,21,2211,2

2,1222,11,1211,1

rthkrtyrtzrthkrtyrtz

rtkrtyrtzrtkrtyrtz

rtkrtyrtzrtkrtyrtz

nnnnnn

n
h

nnn
h

nn

n
h

nnn
h

nn







 

There are two nonlinear programming problems which can be solved by GAMS 

software. Thus the suggested 4
th

 order Runge-Kutta method of this paper can be used. 

The exact and approximate solutions are shown in Figure (5.3) at 1t . 

Figure (5.3), )5.0( h  

 

6. Conclusion 

We note that the convergence order of the Euler method in [10] is )(hO . It is shown 

that in proposed method, the convergence order is )( 4hO  and the comparison of 

solutions of examples (1) ,(2) of this paper and [10] shows that these solutions are better 

for these examples. 
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