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Abstract

The concept of rotundity is not far from differentiability. There are several papers
in the literature devoted to the study of relations between rotundity and smoothness
in Banach spaces. In this paper, we study new relations between some kinds of
rotundity and smoothness in Banach spaces. In particular, we investigate relations
between one kind of rotundity, which is called strongly very rotund, and very
smoothness, in Banach spaces. A Banach space is rotund if the midpoint of every
two distinct points of unit sphere is in the open unit ball of the Banach space. A
Banach space X is smooth if its norm is Gateaux differentiable at every non-zero
point of the space and it is very smooth if the norm is very Gateaux differentiable,
that is, the second dual norm in the second dual of X is Gateaux differentiable at

every non zero point of X.

Introduction

Let X be a real Banach space and ||.ll be anorm on X. For 0 # xe X we define
D, ={feX*:f(x)=/x N, I £ 1"= /4 x /}, which is non-empty by the Hahn-

Banach Theorem.

Definitionl. The norm of X is Gateaux differentiable at 0 # x, € X if there exists f e X*

such that
ol xg+th Il =l xq I
lim

t—0 t

=f(h)
forallheX .
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Let 0 # xe X. It is obviouse that the norm is Gateaux differentiable at x if and only if

the norm is Gateaux differentiable at ”xT” . It is proved in [1, page 5] that the norm is

Gateaux differentiable at ﬁ if and only if there is a unique fe Sx- such that f (i) =1

llxll

and hence the norm is Gateaux differentiable at 0 # x if and only if D, contains only
one point.

We say that the norm is smooth if the norm is Gateaux differentiable at all 0 # xe X.

Definition2. The norm of X is very Gateaux differentiable at 0 # xe X if the norm of
X™ is Gateaux differentiable at x, where x(f) = f(x) for every fe X".
We say that the norm is very smooth if the norm is very Gateaux differentiable at

all 0 # xe X.

Definition3. The norm of X is Frechet differentiable at 0 # x,e X if the norm is
Gateaux differentiable at x, and the above limit is uniform for he Sy, or equivalently
(Smulyan Lemma, [2, Lemma 8.4]), if {fu}nen and {gn}nen are two sequences in

X* suchthat limy,_o Il f, "= lim,e Il g, "=l Xo lland

limy, oo fr(%0) = limy 00 gn(x0) =l xo 12, then lim, o | f, — gn I'= 0.
Obviously very Gateaux differentiability implies Gateaux differentiability. It is shown

in [6, Theorem3] that Frechet differentiability implies very Gateaux differentiability.

Definition4. The norm of X is rotund (R) if for x,ye Sy such that || %

=1, we
have x = y. Geometrically this means that Sy has no non-trivial line segment. A

Banach space with this property is called rotund.

Definition5. The norm of X is very rotund (VR) if for 0 # xe X,x™e X™ , and
fe D, such that Il x™ II™* =1l x IIl, x*(f) = Il x I* we have x** = %.
IT we divide x, x™*, f by Il x |l we can see that this definition is equivalent to say that for

x€ Sx,x*"€ Sx= and fe D,, relation x™(f) = 1, implies x™ = X.

Definition6. The norm of X is strongly very rotund (SVR) if for 0 # xe X, x®e X®
and feD, suchthat | x™ I*=|l x II, f(x) = x*(f) =l x I?we have x® = X, where
X® is the fourth dual of X and f(x**) = x**(f) for every x**e X**.
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If we devide x,x™®,f by |l x || we can see that this definition is equivalent to say that

for xe Sx, xe Sy and fe Dy, relation x®(f) = 1, implies x™® = Z.

Definition7. The norm of X is locally uniformly rotund (LUR) if for xe Sy and any

sequence {x, }ne y in By such thatlim,_ | x"+x = 1, we have lim, e | x, —x 1= 0

Inthis definition lim,,_, | x"+x = 1 implies that Iy ll— 1.Hence if im0 I 2% I1= 1,
Xn Xn_ o

we have || ”""” - 1and if |- —x -0 we have lim, o Il x,—x =0

llx n"

Therefore, this definition is equivalent to say that for xe Sy and any sequence {x,}nen
xn+x

in Sy such that lim,,_, |l I= 1, we have lim, e | x, —x 1= 0

Example8. Let X = ¢, and |l.|l, be the canonical norm on X. By parallelogram law

in the Hilbert space C,,we have Ix+yI3+llx—yl3=21x13+21yl5 for

xn+x

every x,ve X. Let xe Sy and {x,}nen € Sx such that lim,,_. Il == Il,= 1. Since

Il %y = x 15=2 1 X 15+ 2 Il x 5= %, + x I5= 4 =l x, + x 115, we have || x, — x I,

0. Therefore, II.Il, is LUR on X.

Definition9. The norm of X is weakly locally uniformly rotund (WLUR) if for

xn+x

xe Sy and any sequence {x,},.y N Bx such that lim, . I I=1, we have

lim,_of(x, —x) =0, for each fe X".

Definition10. The norm of X is weakly uniformly rotund (WUR) if for any two

xn"')’n ":

sequence  {Xptnens Vnlnen IN By such that lim,_ o |l 1, we have

lim,_of(x, —y,) = 0, for each fe X*.

By the same method applied after Definition 7, it is easy to prove that By can be
replaced by Sy in the Definitions 9 and 10.

Let the norm of X be SVR and xe Sy, x** e Sy, fe D, such that x™*(f) = 1. We
have x™e X where x™(F) = F(x**) for every Fe X***, and || x™ [I"**=|l x = 1

and f(x) = x™(f) = I x I?= 1, then x™ = £ which implies that x** = £. Therefore,
the norm of X is VR. Let the norm of X be VR and x, ye Sy such that || =2 x+y = 1. By

the Hahn-Banach Theorem, there exists fe Sx+such that f (x+y ) =1, then we have
f(x) = f(y) = 1.Sincefe D, , e Sy=~and Y(f) = f(y) = f(x) = 1,we havey = x and
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so x = y. Hence the norm of X is R. Consequently we have:
SVR — VR — R.

We will prove in the next section that in reflexive spaces the properties R, VR and SVR
are equivalent.
Obviously we have the following implications:

LUR - WLUR — R,

WUR — WLUR — R.
The converse of the above implications is not true in general. To see this, consider

the following example:

Examplell. Let X = #5, x = (x1, x5, .. )€ X, x' = (0,%5,%3,...) and | x llz= |x,| +1l x" ;.
This is an equivalent norm on X. Let {a,},y D€ a decreasing sequence of positive
numbers converging to zero. Let T: ¢, — £,, where T(xq, x5, ...) = (@1X1, AxXy, ...).
This is a continuous linear map. For xe £, define:
I x 1Z=1x IE+1 T (x) 115

It is easy to check that this is an equivalent norm on £,. Moreover, it is shown in
[5, Example 3] that |l x Il is R norm on £,. Since £, is reflexive, this normis VR
and SVR but it is shown in [7, Example] that this norm is not WLUR.

In [2], [6], [7] and [8] relations between rotundity and smoothness are investigated.

We recall some of them:
Theorem12. [6, Lemma 1(2)] If II.II" is smooth on X* then |I.|| is VR on X.

Theorem13. [7, Theorem 1(3)] If II.Il is LUR on X then |.I* is Frechet differentiable
on Dx = Uye xDy.
In the next section we investigate some other relations between rotundity and

smoothness.

Results
Theoreml. If X is a reflexive space then R, VR and SVR are equivalent properties in

X.

Proof. It suffices to show that R implies SVR. Let ||l be R norm on X and xe X, x®e X®
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and fex* such that | x® "=l x lI=Il £ I, f(x) = x®(f) = I x I%. Since X is

~
A

reflexive we have X = X®. Hence there exists ye X such that § =x® and

@ =iy I=lx Il Since f(y) =3(f) =x®(f) = Ix1°=f(x) we have

Yy

_+_
£ (52) =l x 17 which implies that I| 2 jl= x | and hence | =21 jj= 1. Sine Il is
R we have "’;—" = "i—" which implies that x = y and so £ = § = x®. Consequently |I.I|
Is SVR.
Theorem2. The norm |l is VR on X if and only if |I.1I* is Gateaux differentiable

on Dy = Uye xDx

Proof. Let |I.Il on X be VR and fe Dy. There exists xe X such that fe D,. . Since
() =N x £ 150 % 017=N £ I* we have %eDy. If FeDy then F(f) = 2(f) =l x II2
and so F = X. Consequently D, contains only X and hence |.I" is Gateaux
differentiable at f.

Conversely let |I.II" be Gateaux differentiable on Dy = U, xD, and fe D, for some
xe X.Let X** such that f(x) = F(f), Il F I"*=Il x ||. By Gateaux differentiability

X =F.Then|.ll on X is VR.

Let |l on X be Rand consider xe X. If f,e D, thenx(fy,) =l x Il fi I, 11 X I** =1l fi. I*
and consequently %e Dy, . If ye X such that (£) =l 9 I**Il . I and | § II™*=Il £, I"

then IIx+yll=l X+ II""=2 1l f, I" that implies X =9 since |l.I| is R. Therefore,
Dy, N X = {x}. However, we show in the next example that Dy N X™ may contain
more than one point, in fact, |I.|I* may not be Gateaux differentiable at f,.. Hence

we cannot replace VR by R in Theorem2.

Example3. Let X = €, and Y = ¢, be a subset of X consisting of all sequences
converging to zero. Then we haveY* = (;[2, Proposition 2.14] and X =Y™**
[2, Proposition 2.15]. Let {f,,}nen be a dense subset of Sy:. For xe X define
x| =l x 12+ X2, 27 f%(x). By use of induction we can easily prove that |.| is a
norm, since |.|; defined by |x|? = 27'f;*(x) isanorm for each i€ N. The norm |.| is an
equivalent norm on Y since Il x I2< [x|> <2 | x II2. It is proved in [1, page 66

Corollary 6.9(ii)] that |.| is WUR norm on Y and we will prove in next theorem
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that if the norm |.| is WUR on Y then |.|*™ is R on Y™**, but it is proved in [3] that
there exists f € Sy~ such that |.|*** is not Gateaux differentiable at fe Sy«. If Fe X

such that Fe Dy then fe Dg, which implies that fe Dy. Hence |.|***is not Gateaux

differentiable on Dy .

Remark4. The norm |.|** is R on £, but it is not VR, by Theorem2 and the last

assertion in Example3.

Theoremb. If ||.]l is WUR on X then ||. |I”* isR on X**.

Proof. Let x**, y* e Sy such that || —— | *= 1. By Goldstine Theorem [2, Theorem

3.27] there exist a directed set I' and two nets {x,}qer» (Vataer & Bx such that
X, = x* and y, » y™ in w*-topology. Since |I.|I"™* is w*-lower semicontinuous
[2, Lemma 8.8], for each € > 0 there exists a.e I" such that

| X + P 1> x™ +y™ " —e=2—¢
forevery a > a..From|l X, + y, "™ < 2, it follows that|l x, + y, I=Il X, + J, "= 2.
Since each net contains a sequence as a subnet, there exists a sequence {x,  + Vg, Jnen
such that Il x,, + y,, = 2 and since the norm |I.Il is WUR on X, we have

f (Xa, — Ya,) — 0 for every fe X*, which implies that £, — J,, — 0 in w*-topology.

Therefore, x™ = y** and hence the norm on X™* is R.

Theorem6. The norm | on X is SVR if and only if |.lI" is very Gateaux
differentiable on Dy = Uye xDy.
Proof. Let |l.lon X be SVR and fe Dy . Then there exists xe X such that fe D,.
Hence £ (x) =1l £ II*Il x =1 x 1% since || f I*=Il x II. Since

() =) =UZ 1 F 1, 1 & === f 1=
it follows that Xe D. Let Fe X such that Fe D7. Then

F(F) =0 f 1N F 1= 0 F 1=l £ I =1 £ II*
Which implies that F(f) =Il x I?= f(x) and so F =% by the hypothesis. In fact, D7
containsonly ¥ and consequently |I.I* is very Gateaux differentiableat f. Conversely,

let II. I be very Gateaux differentiable on Dy = U, xD, and fe D, for some xe X.
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Let Fe X® such that F(£) = £, | F I™*=Il £ I™*=I £ I". Then F(f) =Il f I"*** or
Fe Dj. Since Xe Dz and D; consists of one point by the hypothesis, it follows that

F = %, which implies that |I.Il is SVR on X.

Theorem7. Let X = co,x = {x;}ieneXand lxll, =l x llo+(2, 2 x?)2.
Then [I. Il,- is an equivalent norm on X which is WLUR but it is not LUR.
Proof. It is easy to see that ||.||,- is @ norm on X which is equivalent to | ||... Let

x€ Sx, {xn}nen S Sx SUchthat lim, ., Il In?X ) = 1. For every ne N, let

X, = {Z"Ei (X)) itien, X = {Z"Ei x;}ie nr then x,, x'e £,. For every ne N, let
tn = xp oo+l x o=l X + X Nl
thh =l xp I+l x =Nl xp +x =2 =l x, + x I,
t" =1 lp+1 X =1 x4+ x I
By the hypothesis t’,, — 0 and it is obvious that t,, = 0 for every ne N.
We have
Iocn + 2" 1<l &y o+ X =1 =1 % o+ 1 =1l x o= 2 =1l X5 o=l X ll.s,
then
o, +x o=l 20 +x =l X +x =2 -t =l x +x 1,
22—t =2+ Xy Dol x o=l 2t Mool X Nlo— €.
Hence t,, < t',, which implies that t,, —» 0. Since t",, = t',, — t,,, we have t",, - 0.
For & =1—Il x ll,> 0 there exists mye N such that 2 — ¢, <l x, + x Il,- for every

n > my. Since || x, + x I,< 2 || x, + x I, for every ne N, it follows that
€o

Ion +x 1> 1 -2 (1)
for every n > m. Since xe c, there exists iye N such that |x;| < % for every i > i,

which implies that

I x 1l
|(xn + x)il = I(xn)i + xil S" Xn ”oo+ 2 (2)
for every i > iy, ne N. Since t,, — 0, there exists m, e N such that
Il 1l
Iy NIl X lloo— 1 2y + X 1o < > 3)

for every n > m,. Set m = max{my, m,} and let n > m. If there exists i > i, such that
Il x, + x llo=|(x, + x);], it follows from (2) and (3) that
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Il x Nl I Nl
S xp oo+l x oo — 12y + 2 1lo< )
2 2
which is a contradiction, hene there exists i < i, such that
I xn 4+ x o= |Cxn + %)l (4)
By (1) we have |[(x, + x)il >1-— %“ which implies that
&o &o &
22 I x'p lly= 22 Iy = ()il > 1-2— |x;| = 1—2 X o= =
2 2 2
! l
Hence || x', II,> 27 %“ for every n > m. If
. __LOSO ' ' ’
a=min{22 ?,II xq o xg Ny sl M2}
then || x',, II,> a for every ne N. For ne N, if Il x',, IIZSII x'" |l, then
x x x
25—t e,
lxnlly Ix I, lxn I x'y
I — e X
- ’ - ’ = ’ x x
Ixplly, Mty 2 Ix,lly ™ 2
11, ! ! ) L I 2 Tl )
—lXx ; - ; = ; X X -
P\xnlly Mx ) Ml ~ ™2 z2oor
, 1 1 t',
Nl (o ) = 2
2\xpll 1x EE
and if Il x" lIl,<Il x,, ll, then
x! x! Y ’
23— e,
Nxplly Ix Iy Hx"ll, I x" 1l
x' x' 1
=== lly=—— Xy + x|
lxnlly 1x II x"l,
Il ( ! ! ) (X = ¢3)
—| X -_ = x X —_
TN, Nyl X '||2 2 2o
, 1 1 t'n
e ( ) =2 -
Y TN AT
Therefore, we have || —— o ” + W l,— 2 since t”,, = 0. As we shown in Example8, the
n 2
norm I.1l, is LUR, then || —2 — l,- 0 or |l x _Walax g, Suppose,
[l n||2 x'll [Nl

without loss of generality, that there exists t > Osuch that || x,, ll,— t, and hence

Il x,, l,=> A1l x Il,, where A = "— For every ne N if 4, ”|T "””2 then 4,, - 1 and
2

o]

127 (xn — A,x)2 > 0, which implies that (x,,); — Ax; for every ie N, and hence by
(4) we have [l x, ll;= A 1l x [l.s.
Therefore,

I M=l 2y Hootll 'y = AN X o+ AN =21 x I,
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which implies that A = 1, since || x,, Il,.=Il x ll,,= 1. Therefore, lim,_.(x;,); —x; =0
for every ie N. Moreover, |(x,,); — x;|< 2 for every n,ie N since x, x,, € Sy.

Let 0+ feX" =10,.Then f ={y;}ien, Where X2, |yl <. For &>0, there
exists joe N such that Y72, 1 |yil < Z and a = {‘;1 |y;] > 0. On the other hand there

exists nye N such that |(x,); — x;| < % for every n > n, and for each i < j,. For

n > n, we have

|f(xn_x)| |Ziolyl((xn)l_x)|<

&

z|yl||<xn>l s Y Iylll(xn)l—xl|<2|yl|—+ SEPLpEIY

i=jo+1
Therefore, f(x, — x) - 0 and hence |.1l,- is WLUR on X.
To show that | |I,.is not LUR, let e, = (t1,t2, -.)e X,neN such that t, =1 and
ti=0fori#n. Letx =e;,x, =x+ ey, fe Dy. Then
limpy o | X 1= limpoo | X =0 x =002 155=1 f lI7=1 +T
Since feX*=10,, it has the form f = (¥;)ien, Where Y72, |y;| <. Hence
f=XZ.1y: € where (e'))n is the standard base of ;. It follows that
f(en) = XiZ1yi€'i(en) = yn and s0 f(e,) — 0. Then
limp o %n (f) = limp o f () = f(e1) = f(x) = 2(f) =l x IF= (Il £ ;)%
But
it | $ = 5 1= Uit 1 = W= Limg W € 1= limy o, (14272) = 1
and hence, by the definition |I. Iz is not Frechet differentiable at fe Dy. By Theorem

13, II.ll- is not LUR.
Corollary8. We cannot set WLUR instead of LUR in Theorem13.
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