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Abstract

In a perforated well, fluids enter the wellbore through arrays of
perforation tunnels. These perforations are typically distributed in a
helical pattern around the wellbore. Available numerical models to
simulate production flow into cased-and-perforated vertical wells have
complicated boundary conditions or suffer from high computational
costs. This paper presents a simple and at the same time efficient finite
element model to simulate flow around a well with helically
symmetric perforations. In the proposed model, by taking advantage
of the symmetry, only a thickness of perforated interval containing a
single perforation tunnel needs to be meshed. Angular phasing
between adjacent perforations is considered by applying periodic
boundary conditions on the upper and lower boundaries of the
representative reservoir thickness. These boundary conditions involve
periodic-pressure and periodic-velocity parts. Unlike the periodic-

pressure part, the method of imposing the periodic-velocity condition
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within a single-variable flow problem is rather vague. In this regard, it
is proved that in the proposed model, periodic-velocity condition is
automatically satisfied in a weak sense. The accuracy and the
computational efficiency of the proposed model are verified through
comparison with available models. The model results, in terms of skin
factor, are compared with the common semi-analytical model as well,
and good agreement is obtained. The proposed model can readily be
used as a numerical tool to study inflow of wells with helically

symmetric perforations.

Keywords: Cased and perforated well, Finite element method, Helical symmetry,
Periodic boundary condition, Well inflow analysis.

Introduction

Cased and perforated completion is one of the most widely used
well completion techniques all around the world [1], [2]. In a perforated
well, fluids enter the wellbore through an array of perforations, which
have penetrated into the casing, cement sheath and a certain depth of
reservoir [3]. The perforations are commonly created by shaped
charge jet perforators [4] and have the form of helically distributed
tunnels around the wellbore [5]. Angle between two successive
perforations (phasing) is commonly selected to be 0, 180, 90 and 60
degree [6]. The density of the perforations may vary from 6 to 52
shots per meter (SPM) of the wellbore length [2]. Figure 1 shows
some perforating guns with helically distributed shaped charges.
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Figure 1. Lbading shaped charges intoperforating guns [6]

An accurate prediction of flow field from the producing reservoir to
the perforated well is of a great significance for conducting well
performance optimization processes. Prediction of flow variables in
the vicinity of the perforations is also vital to sand production analyses.
However, fluid flow into perforated completions has a complex three-
dimensional (3D) convergent pattern. On the other hand, because of
the helical arrangement of the perforations, simple no-flow boundaries
between adjacent perforations cannot be distinguished in general.
Analytical treatment of such a flow pattern is extremely difficult [5]
and numerous simplifying assumptions are required to handle this
problem. Nevertheless, numerical methods and especially finite
element method (FEM) provide a versatile tool to simulate flow
around perforations.

Various numerical models have been developed to study steady-
state inflow of perforated wells. Harris (1966) [7] published the first
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numerical simulation of the perforated completions. In his finite
difference model, perforations were assumed to be wedge shaped and
in the same horizontal plane. Klotz et al. (1974) [8] were the first to
apply the FEM to this problem. However, their model was two-
dimensional. Locke (1981) [9] considered a variety of realistic
perforating parameters and used a commercial finite element software
to simulate the flow around perforated wells. He modeled half of a
horizontal section containing one perforation and extending halfway
up and down to the adjoining perforations. Angular phasing was
achieved by a complicated coupling of boundary nodes together.
Dogulu (1998) [10] developed an extremely CPU intensive approach
with full modeling of the perforating interval to estimate productivity
of a well. Ansah et al. (2002) [11] applied acommercial finite element
code to develop a new wellbore inflow model in which a cone-shaped
perforation geometry with a tapered tip was incorporated. They
explicitly modeled eighteen perforation tunnels in their representative
reservoir thickness. Jamiolahmady et al. (2007) [12] developed a 3D
finite element flow simulator to investigate gas-condensate flow
around long perforations. They did not define any boundary condition
for top and bottom sides of their perforated well model, which are
equivalent to the no-flow boundaries in the standard FEM. Byrne et al.
(2009) [13] employed a computational fluid dynamics (CFD) software
to predict well performance, based on high quality laboratory testing.

Their analyses were two-dimensional and angular phasing was not
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considered. Sun et al. (2013) [14] used a commercial CFD software to
investigate flow characteristics around the perforated wells. Their
representative 3D geometric formation contains one cycle of
perforation tunnels. Periodic top and bottom boundary conditions
were applied to simulate infinite thickness of the formation. VVolonte
et al. (2013) [15] and Wang et al. (2016) [16], as many other
researchers, assumed that each cycle of the perforations is in the same
horizontal plane.

Most of the above-mentioned models have incorporated repeating
patterns of the flow in order to restrict the computational domain to a
small part of the formation. However, they are not efficient enough or
have unrealistic or complicated boundary conditions.

Imposing the periodic boundary conditions in the CFD analyses is
a well-established issue. For example, Segal et al. (1994) [17]
described implementation of the periodic boundary conditions for
flows governed by incompressible Navier-Stokes equations. However,
to the best of the authors' knowledge, in the context of finite element
solution of single variable seepage problem, there is no explicit
account available about the enforcement of the periodic boundary
conditions. It is worth noting that Li (2012) [18] concerning with
micromechanical finite element analysis, proved that the periodic
traction boundary conditions are natural boundary conditions from the

minimum total potential energy principle.
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The main objective of this paper is to propose a simple and at the
same time, accurate finite element model for simulating the flow into
perforated wells. In this regard, repetitive nature of the flow geometry
is employed to select an appropriate representative geometric
formation to achieve a balance between the simplicity and the
computational efficiency. It is also proved that periodic-velocity

condition is automatically satisfied on the model boundaries.

Symmetry of the flow pattern around the perforated

wells

Figure 1 shows a schematic view of a perforated completion with a
spiral distribution of perforations. This figure depicts two cycles of
perforation tunnels with angular phasing of 120 degrees. Drilling
damage zone around the wellbore and crushed zone around the
perforation tunnels are also depicted in this figure. Flow geometry at
the drainage radius of the well, could be considered radial; however, it
resembles a complex three-dimensional convergent pattern near the
wellbore.

In many practical cases, numerous perforations are generated in the
reservoir pay zone (Figure 1). Because of the spiral arrangement of the
perforations, simple no-flow boundaries between adjacent perforations
cannot be utilized to restrict the computational domain to a

manageable size [19]. Therefore, numerical simulations of such a
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problem, considering the whole geometry, are commonly very time

consuming or impossible.
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Figure 2. Schematic view of a perforated well with 120° phasing

Fortunately, in most cases, the solution of the flow problem is
expected to reproduce some types of repeating patterns. Taking
advantage of these patterns, one can efficiently model a small part of
the geometry. Figure 3 presents iso-pressure surfaces for two cycles of
a virtually infinite system of perforations. In this figure, two types of
repetition, between each cycle of perforations and each perforation
can readily be distinguished. In addition, considering each individual
perforation, a rotational type of symmetry with respect to the
perforation axis can be recognized.

Conditions required for the repetitive flow pattern to form around a
perforated well can be summarized as:
o Perforated interval has to be long enough and cover all the pay
zone thickness to ignore end effects.
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Perforation
Tunnel

Figure 3. Typical iso-pressure surfaces around a perforated well with
60° phasing

e A repeating pattern in geometry has to be distinguishable between
perforation tunnels and also between crushed zones.

e A repeating pattern in material properties is to exist between any
two perforation layers. Considering permeability tensor, this
requires one of the principal directions coincides with the wellbore
axis and the two other principal values to be equal.

e Formation inlet pressure and bottom-hole flowing pressure have to
be uniform along the wellbore
When all the above conditions are met, it is possible to consider

only a small representative part of the formation for analysis. In this

respect, appropriate periodic boundary conditions must be applied to
the representative unit in order to reproduce the expected pattern of
symmetry.
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Available numerical models

Available numerical models for the perforated wells that utilize the
symmetric flow patterns can be categorized in the following two
groups:

One-cycle models (OCM): in this category of models using
translational symmetry, perforations in one screw pitch of the
perforated interval are simulated (Figure 4). Each node on the bottom
boundary with coordinates (i, Yi, zi) must be coupled with a node
located in (x;, i, zi + (360/¢) h), where h is the perforation spacing and
¢ is the angular phasing between two successive shots. Sun et al.

(2013) [14] first reported and used this model.

Figure 4. Typical computational domain of a one-cycle model (OCM)
for angular phasing of 120°

Half-perforation models (HPM): taking full advantage of helically
and rotational symmetries, this model category just requires one-half
of a perforation layer to be explicitly simulated (Figure 5). In this
model which proposed by Lock (1981), coupling nodes are located on
the both horizontal and vertical boundaries of the model. It is not a
trivial task to identify these nodes. Moreover, different node sets must
be defined for different phasing angles. For example, coupled nodes
on the wellbore surface for 90° phasing is illustrated in Figure 6.
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Figure 5. Typical computational domain of a half-perforation model

(HPM)
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Node pairs at which solution values are kept equal:
Set A: (5,31), (10,36), (15,41), (20,46), (25,51), (30,56), (35,61)
Set B: (1,5), (2,4), (61,65), (66,72), (73,77)
Set C: (6,26), (11,21), (40,60), (45,55)

Figure 6. Node specification and coupled sets of nodal values for 90°
phasing on the wellbore surface with coarse elements

Simplicity of the boundary conditions is the main advantage of the
one-cycle model category. However, it is time consuming and costly
to conduct a simulation with this model, especially for completions
with small phasing angles. Half-perforation model is an ultra-high
efficient one. Nevertheless, it suffers from complexity of the boundary
conditions. This may be the reason why application of this approach
has not been reported during the past two decades.

Details of the proposed model
In the petroleum industry, numerical simulation of flow into
perforated completions can be a useful tool for optimizing well
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productivity and designing more economic completions. In this
regard, it is neither efficient nor required, in most cases, to simulate
full length of the perforated interval. However, available models
which allow considering a representative unit have complicated
boundary conditions or suffer from higher computational costs.

The proposed model in this study has simple boundary conditions
and is efficient enough to be used as a numerical tool for modeling
inflow of cased-and-perforated vertical wells.

1. Model Assumptions

The main assumption in the developed model is the existence of a
helically symmetric pattern around the wellbore. Prerequisites for the
validity of this assumption are repetitive symmetry of geometry,
material properties and boundary conditions in a helical manner. The
problem with this type of symmetry can be efficiently solved over a
small representative unit; provided that appropriate periodic boundary
conditions are imposed.

The computational domain of the model with the basic notation is
illustrated in Figure 7. In this figure, h is the spacing between two
successive perforations, L, and r, are the perforation length and
radius, ry, and re are the wellbore and drainage radius, and rq and rc are
the drilling damage and crushed zone radius, respectively. As shown
in Figure 7, a horizontal section of the formation containing one
perforation tunnel needs to be analyzed. Currently cylindrical shaped
perforation is included; however, it is possible to use more realistic

cone-shaped perforations.
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Figure 7. Representative geometric formation of the proposed model

For the sake of simplicity, the steady state flow of an
incompressible single phase fluid is investigated in this paper.
Moreover, gravity effects were ignored and it is assumed that Darcy
law is valid.

With these assumptions, the governing equation of the model can
be written as Laplaces’s equation:

2 2 2
1[Kap o%p apJ

7

+K +K
“ox* Yoyr oz’

=0 1)

where p is fluid pressure, x, & and x; are the principal
permeability in the x, y and z directions, respectively, and x is the fluid

viscosity.

2. Boundary conditions

A System with repetitive symmetry can be characterized as a
periodical array of representative units. Applying appropriate periodic
boundary conditions on a representative unit ensures continuity of the
variables on the boundaries [20, 21].

In the proposed model each node on the bottom boundary with
cylindrical coordinates (ri, &, zij) must be coupled with a node located
in (ri, & + ¢, z; + h). In the finite element solution of the single

variable seepage problem in porous media with repetitive symmetry,
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these periodic boundary conditions must ensure repeating of pressure
and velocity fields on the opposite sides of the representative unit.
Using the standard FEM, equivalent weighted-integral form of (1)

is obtained as:
_I{ owop, owdp  owap

K, K, dxdydz
o 8x oy oy 0z 01

)
ax y ay y

in which, w is the weight function, I" is the domain boundary, ny, ny

__43 (K N, +K 6_pn + K, @n ]dS:O
‘oz

and n, are components of the unit normal vector on the boundary, and
ds is the area of an infinitesimal surface element on the boundary.

If I'" and I are two opposite parts of the boundary I, which are
related by helical symmetry in a piecewise manner, periodic boundary
conditions to be imposed are:

o p|r’ (3)
{vx,vy,vz} {vx,vy,V} (4)

where vy, vy and v, are components of superficial velocity vector,

p

and can be derived from post processing of the solution.

In Equation (2), p is the primary variable and its specification on
the boundary constitutes the essential boundary condition ([22]).
Therefore, enforcement of (3), which is periodic-pressure part of the
boundary conditions, is straightforward and can be achieved as multi-
point constraints (MPC) equations ([23]). In this respect, it is required
that the pressure of each node with cylindrical coordinates of (ri, &, z;)
on the lower boundary be kept equal with the pressure of a node with
coordinates of (ri, &+ ¢, zi + h) on the upper boundary.
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Constraint Equation (4) is the velocity-periodic part of the
boundary conditions. In the context of the finite element solution of
the single variable seepage problem, there is no explicit account
available about the imposing of the velocity-periodic part. It is the
objective of this section to address this ambiguity.

The boundary integral in (2) contributing to the I'" and I'" can be

expanded as below.

oP oP oP
I w rcxanxmyanyﬂqgnz ds =

OX r

(5)
Applying Darcy law to the velocity-periodic part (i.e. (4)), yields

e P PR PP
ox oy Tarl. ox Yoy ‘oz

On the other hand if I'* and " be parallel to each other and equal in

to:

(6)

r

shape, which is the case considering repetitive symmetry, following
equations can readily be obtained:

{nx,ny,nz}ﬁ =—{n,n,,n,}

_[ wds = _|. wds (8)

()

—

Using (6) and (7), we can write (8) as follows:
oP oP oP oP oP oP
jw(xx—nx +Kx,—N, +KZ—nZst :—IW[KX—HX +K,—N, +x, —nzjds
ks X oy 074 ks OX oy

[ w —apn + —apn + —apn ds+ [ w —apn + —apn + —apn
K K K K K K
X X yayy Zazz - Xaxx yayy Zazz
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Substituting of (9) into (5) vanishes boundary integrals over I'" and
" which are periodic boundary surfaces. This means that for the
proposed model the periodic-velocity part of the boundary conditions
is automatically satisfied in a weighted integral sense and no treatment
is required.

Essential boundary conditions involve prescribed pressure value on
the outer boundary, pe, and prescribed pressure value on the surface of
the perforation tunnel, p,. Wellbore surface is a no-flow boundary and
consequently does not need any treatment. Boundary conditions of the

model are depicted in Figure 8.

3. Meshing Strategy

Meshing of the upper and lower boundary surfaces must be
satisfied in a manner that permits respective routine to detect paired
nodes. In this regard, it is preferable that a mesh of circular and radial
lines is used to discretize the top and bottom faces. However, other
methods for imposing these types of conditions exist which can be
used on arbitrary meshes (e.g. [24, 25]). A typical meshed geometry
of the model is shown in Figure 9. In the current study, linear
hexahedral elements with eight integration points are used to
decompose the calculation domain. Because of large pressure
gradients around the perforation tunnel, finer mesh is required in the
respective zone. Details about assembly of element equations,
determination of the shape functions and numerical integration can be
found in books on the FEM such as [22, 23].
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Figure 8. Boundary conditions of the proposed model

Validation of the model

The proposed model contains only one perforation tunnel and
reproduces a virtually infinite perforated interval. In order to
demonstrate accuracy of the model, its results are compared against
those for a model contains three cycles of perforations. Upper and
lower boundaries of the three cycle model are assumed to be
impervious. However, for a middle perforation with enough distances
from the boundaries, results can be compared with the proposed
model.

A perforated completion with shot density of 20 SPM (6 SPF) and
angular phasing 60° is considered. Other input data are shown in
Table 1. For this configuration, three cycle model contains eighteen
perforations and a formation thickness of 0.9144 m (36 in) should be
considered (corresponding to the values required for three perforation
skew pitch). However, the proposed model contains only one
perforation and formation thickness of 0.0508 m (2 in) is required to
be modeled. Details of meshing for the three cycles of perforations are
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shown in Figure 10. In the both models, the same number of elements
were used to discretize each perforation layer.

Figures 11 and 12 show pressure and velocity values obtained on
two horizontal circular paths with radius of r, and ry + L,. For three
cycle model, this horizontal circle belongs to the ninth perforation
from bottom (see Figure 10 (c)). In these figures, angles are measured
from axis of the perforation. Comparison of the results between these
two models shows a reasonable coincidence, indicating accuracy of
the proposed model for pressure and velocity estimations.

o
7

=

Figure 9. Typical meshing for the proposed model
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Table 1. Input data for model validation

Parameter Values

Well drainage radius (re) 1.524 m (60 in)

Wellbore radius (ry) 0.0889m (3.5in)
Perforation length (L; ) 0.254 m (10 in)

Perforation tunnel radius (r, ) 0.00635m (0.25 in)
Formation permeability (x) 100 md (9.8692 x 10™ m?)
Fluid viscosity (u) 0.001 Pa.s (1 cp)

Pressure at external boundary (p.)  1378.95 kPa (200 psig)
Pressure inside wellbore (pw) 0 Pa (0 psig)

Unwrapped contour of pressure on the wellbore surface for the
three-cycle model and the proposed model are shown in Figures 13
and 14, respectively. In these figures, a repetitive pattern of pressure
contours around the innermost perforation and capability of the
proposed model to reproduce this pattern using a smaller
representative formation are evident

1

Figure 10. Finite element meshes showing a 0.9144 m (3 ft) section with
20 SPM (6 SPF) and 60° phasing, a) Vertical section of the
computational domain, b) details of the meshing near the wellbore,

c) distribution of perforations around the wellbore
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Figure 11. Comparison of pressure between three-cycle model and the

proposed model
o 0.9144 m thk. reservoir ——Proposed Model
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Velocity (m/s)
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Figure 12. Comparison of velocity between three-cycle model and the
proposed model on a circular path with radius of: (a) r,, and (b) ry+L,
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Figure 13. Unrolled contour of pressure on cement-formation interface
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Figure 14. Unrolled contour of pressure on cement-formation interface

for the proposed model
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Efficiency of the model

In order to examine computational efficiency of the proposed
model, for some typical problems its CPU time were compared with
those of one-cycle and half-perforation models. In this regard, three
different configurations were considered: (ns = 13 SPM, ¢ = 90°), (ns
= 20 SPM, ¢ =60°) and (ns = 26 SPM, ¢ = 45°). Other input data are
the same as listed in Table 1. In each case, the proposed model
comprises 58,401 degrees-of-freedom (DOFs). The same mesh
densities were used for each perforation layer in the two other models.

Figure 15 shows normalized CUP time spent in simulation each
pair of perforation density and phasing. This normalization is done
through dividing calculated CPU time by that for the proposed model
with ns = 13 SPM, ¢ = 90°. As shown in Figure 15, the proposed
model is significantly more efficient than OCM. This efficiency
increases dramatically with increasing the number of perforations
tunnels in one skew pitch. In each case, HPM requires about half of
the CPU time with respect to the proposed model. On the contrary,
preparing boundary conditions of the HPM is more time consuming.
Given that the total computational time of the proposed model is only
a fraction of a minute, therefore it can be efficiently used in the
analysis of perforated wells inflow.
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Figure 15. Comparison of normalized CPU time between different

models
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Application to estimate skin factor

This section presents some verification examples to demonstrate
the usefulness of the proposed numerical model in estimation of skin
factor for perforated completions. In this regard, skin factors for some
different configuration are computed and compared with the
corresponding values from common semi-analytical Karakas-Tariq
model ([5]).

Parameters range covered in this analysis are shown in Table 2.
Fluid and formation properties are the same as given in Table 1.
Permeability anisotropy and damaged zones around wellbore and
perforation tunnels are not considered. These arise from some
criticisms about the lack of generality for Karakas-Tarig model
dealing with these cases (e.g. [10, 14, 26, 27, 28]).

Having the prediction of the flow rate, the skin factor, s, can be
calculated as [29]:
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2z kh(p, — r
qpu I

w
where q, is flow rate from each perforation, « is formation horizontal

permeability, and ry is the radius from the wellbore axis to the
formation-cement interface.

Before conducting the simulation, it is required to perform two
sensitivity analyses; one for outer radius of the model to ensure radial
flow at the far-field, and the other for mesh size to ascertain the effect
of grid size on the results. Based on the first analysis, the reservoir
outer size of 1.54 m (60 in) is enough to ensure less than 1% error in
the solution. Based on the mesh sensitivity analysis, the mesh size was
selected to ascertain less than 1% error in the results.

Figure 16 shows sample contour plot of pressure at a horizontal
plane crossing the perforation axis. In this figure, radial flow pattern at
the far-field and its convergence to the six perforations are obvious.
Figure 17 depicts a predicted streamline pattern for a case with
angular phasing of 60°. In this figure, the fluid flow across the
periodic boundaries and its convergence to the adjacent perforations
are evident.

Figure 18 demonstrates the comparison between the skin factor
calculated from the proposed numerical model and the skin factor
from the common semi-analytical model. This figure shows a good
agreement between these models; however, there are small
differences, which have also been reported by Sun et al. (2013) [14].
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Table 2. The range of parameters covered for skin factor calculations

Parameter Values
13 SPM (4 SPF)

Shot density (ns) 20 SPM (6 SPF)

) 60°  (for ny= 13 SPM)
Phasing angle () 90°  (for n. = 13 and 20 SPM)
Wellbore radius (ry) 0.0889 m (3.5 in)

Well drainage radius (r.)  1.524 m (60 in)

0.127 m (5 in)
Perforation length (L,) 0.254 m (10 in)
0.508 m (20 in)
0.00254 m (0.1 in)
0.00635 m (0.25 in)

Perforation radius (ry)

Pressure (kPa) ’,\-j‘""- . vy
1400 7 g sor

1200
1000 /
800 i-180° 00 -k

600 \

400 N
200 . 240 300°

0 e L

Figure 16. Pressure contours at the horizontal plane, crossing the
perforation axis
(ns =20 SPM, ¢ =60, L, = 0.254 m, r, = 0.00635 m).

In the Karakas-Tariq method, it is assumed that the perforations
have a cylindrical shape surrounded by an isotropic crushed zone.
External boundary of the crushed zone is assumed to be cylindrical,
too. However, the proposed model can be used for any perforated
completions as long as the helical symmetry can be established around

the wellbore.
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Figure 17. Typical streamline pattern on vertical planes crossing the
axis of perforations (n; =20 SPM, ¢ =60, L,=0.254 m, r, =0.00635 m)
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Figure 18. Skin factor comparison between the proposed model and the
semi-analytical method

Conclusion
In this study, repetitive patterns of the flow into cased-and-
perforated vertical wells are examined and available models for
reproducing this pattern are categorized into two groups of OCM and
HPM. A new model based on the finite element method and helical

symmetry of the flow pattern was suggested. The proposed model just
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requires a horizontal section of the formation containing one
perforation tunnel to be explicitly simulated.

Enforcement of the periodic boundary conditions to the
representative formation in order to ensure compatibility of the
pressure and correct computation of the velocity is discussed. With
respect to the ambiguity in imposing velocity-periodic part, using
weighted integral formulation, proved that for problems with
repetitive symmetry, this part of the boundary conditions is satisfied
automatically.

The accuracy of the proposed model was demonstrated through
comparison by the middle perforated layer in a formation with three
cycles of perforations. The efficiency of the proposed model was
examined through comparison by one-cycle and half-cycle models.
The proposed model has more simple boundary conditions compared
to HPM and is more efficient than OCM. It divides the efforts
required to conduct a numerical simulation (preprocessing) and
solution of equations, into more manageable portions and can easily
be used to simulate flow into perforated completions.

Application of the model to estimate the skin factor for perforated
completions was discussed through comparing with the common
semi-analytical method. The semi-analytical method for skin factor
calculation requires that the geometry of the perforation tunnels and
their crushed zones be cylindrical. Moreover, anisotropy of the
crushed zone cannot be accounted for by this method. However, the

proposed model can be used for any perforated completions as long as
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the geometry, material properties, and the boundary conditions of the
global system have helically repetitive pattern around the wellbore.
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