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Abstract 

In the narrow geosynthetic-reinforced retaining walls a stable rear 

wall exists in a short distance and there is no enough space to extend  

appropriate length of reinforcements. In this case, the probability of 

overturning of retaining wall increases especially when subjected to 

earthquake loading. To increase the stability of the wall, reinforcements 

may be connected to the stable rear surface. Alternative solution is the 

utilization of full-height cast in-place concrete facing in order to resist 

the earth pressure by combined actions of reinforcements pullout 

capacity and facing flexural rigidity. One of the main questions about 

this type of walls is the portion of earth pressure resisted by the facing. 

In this study, the seismic earth pressure of narrow geosynthetic-

reinforced backfill on rigid facing was evaluated using limit 

equilibrium approach and horizontal slices method. The critical failure 

surface was assumed to extend linearly from the wall toe to the rear 

surface and then moves  
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along the interface of the backfill and rear surface up to the backfill surface. The 

effects of various parameters such as wall aspect ratio have been investigated. The 

obtained results show that the applied soil pressure on wall facing will be increased 

with depth in the upper part of the wall according to the Mononobe-Okabe equation, 

but its pattern is inversed in the lower part of the wall and it decreases until it 

reaches to zero at the wall toe. The results of analyses indicate that the attracted soil 

thrust by the facing increases with lessening of backfill width. 

Keywords: Geosynthetic-reinforced soil wall, Narrow backfill, Full-height rigid 

facing, Seismic earth pressure, Horizontal slices method. 

Notation 
b: width of backfill 

c: cohesion 

Fhi: horizontal seismic force of the i
th

 slice 

Fvi: vertical seismic force of the i
th

 slice 

H: height of wall 

hc: height of intersection point of failure surface and rear surface 

hi: height of the i
th

 slice 

Hi: horizontal interaction force between slices i and i-1 

K: at rest earth pressure coefficient 

Kh: horizontal seismic coefficient 

Kv: vertical seismic coefficient 

Le: bonded length of reinforcement 

nb: number of lower slices 

nt: number of upper slices 

Ni: normal force of the i
th

 slice in the failure surface 

Pi: lateral earth pressure on facing in the i
th

 slice 

Si: shear force of the i
th

 slice in the failure surface 

Sv: spacing of reinforcements 

Ta: pullout resistance of reinforcement 

Ti: mobilized force in the i
th

 reinforcement 

Vi: vertical interaction force between slices i and i-1 

Wi: weight of the i
th

 slice 

Xvi: half length of upper side of the i
th

 slice 

α: slope of rear surface 

β: slope of failure surface 

γ: unit weight 

ϕ: friction angle 

δ: friction angle between backfill and rear surface 
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 Introduction 

Geosynthetic-reinforced retaining walls can be used for widening 

the upper space of existing retaining structures in urban areas or 

construction of retaining walls in front of steep rock hills. In these 

locations, a stable wall exists in a short distance, usually smaller than 

0.6H (H: wall height), behind the retaining wall. 

Various researchers have been studied the behavior of conventional 

reinforced soil walls by different experimental, numerical and analytical 

methods [1-9]. In conventional reinforced soil walls, reinforcements 

are long enough to provide the required pullout resistance for the 

general stability of wall. If there is no enough space for construction of 

retaining wall with appropriate length of reinforcements, the probability 

of overturning increases [10]. The behavior of reinforced soil walls with 

narrow backfill or in other words, Shored Mechanically Stabilized 

Earth (SMSE) walls [11] have been considered in a number of studies 

[12-20]. 

In the case of narrow backfill, the reinforcements may be connected 

to the stable surface behind the backfill to increase the stability of the 

wall. However, as reported by Morrison et al. [17], this method is not 

sufficiently effective. Alternative solution, instead of connection of 

reinforcements to the rear surface is to place a full-height reinforced 

concrete facing over the geosynthetic-wrapped wall face [12,13]. 

Therefore, the combined tensile function of reinforcements and flexural 

rigidity of facing provides the general stability of the wall. In the 1980’s, 
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researchers in Japan constructed a geosynthetic-reinforced soil wall 

using a rigid facing with reinforcement lengths considerably less than 

0.6H [10, 13]. A continuous rigid facing considerably enhances the 

seismic performance of geosynthetic-reinforced retaining walls [21]. 

Placement of the facing after the completion of reinforced soil wall 

has certain advantages [22], however, in the narrow walls there is no 

enough space to use reinforcements with appropriate length and so 

temporary stability during construction cannot be provided. Therefore, 

backfilling of reinforced soil layers and placement of concrete facing 

may be accomplished simultaneously. 

The effect of reinforcement layers on reduction of soil pressure on 

retaining wall with unlimited backfill space has been studied by 

Ahmadabadi and Ghanbari [23]. They concluded that lateral earth 

pressure in reinforced soil walls is smaller than lateral earth pressure 

of unreinforced backfill. In this study due to the sufficient length of 

reinforcement, the soil pressure is mainly carried by the pullout 

resistance of reinforcements and therefore, the force acting on the 

facing is small. However, in narrow backfills owing to limited length 

of reinforcements, the pullout resistance of reinforcements is limited 

and a portion of the earth pressure can be carried by the reinforce-

ments and the remaining part of that is attracted by the full-height 

rigid concrete facing. 

In the current design method, the full-height rigid facing is designed 

to support the active earth pressure developed in an unreinforced 
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backfill [24]. However, because of the limited width of the backfill in 

narrow walls and also combined action of the facing rigidity and 

reinforcement's pullout capacity, the applied pressure on the facing 

can be significantly smaller than the active earth pressure of 

unreinforced backfill. 

In this study, the seismic active earth pressure of narrow reinforced 

soil walls on full-height rigid facing has been evaluated using limit 

equilibrium approach and horizontal slices method. 

 

Method of Approach 

The approach used in this study is limit equilibrium using Horizontal 

Slices Method (HSM). As the reinforcements are placed in horizontal 

direction, the backfill is divided into horizontal slices equal to number 

of reinforcements. This method was originally proposed by Shahgholi 

et al. [2] to analyze the seismic stability of reinforced soil walls. Nouri 

et al. [4,5] modified and verified horizontal slices method and employed 

it to evaluate the seismic stability of reinforced soil walls and slopes. 

Azad et al. [25] used HSM to investigate active pressure distribution 

along the height of a wall and calculated the angle of failure wedge in 

the active state. Shekarian et al. [26] determined the active static 

pressure on reinforced retaining walls in frictional and cohesive soils 

using HSM. This method was used by Ahmadabadi and Ghanbari [23] 

and Ghanbari and Ahmadabadi [27] to estimate the lateral earth 

pressure on the facing of reinforced soil walls with cohesive-frictional 
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backfills. In another study by Ghanbari and Taheri [28] effect of 

surcharge on active earth pressure of reinforced soil walls was 

analyzed using HSM. 

In the above mentioned studies, different assumptions have been 

made about the internal and interaction forces of slices. In this study, 

all the forces acting on each slice and interaction forces between slices 

have been considered and the force and moment equilibrium equations 

were satisfied. As shown in Figure 1, the assumed failure surface 

starts linear from toe of the wall and continues until meeting the rear 

surface and then continues along the interface of the backfill and rear 

surface to the top of the backfill. This failure surface has been 

proposed in FHWA manual [11] for narrow retaining walls with 

extensible reinforcements. According to this manual, the suggested 

angle of failure surface at the bottom of the wall for backfills with 

flexible reinforcements is equal to    
 

   . In this study, the angle 

of failure surface has been considered unknown and determined by 

maximizing the summation of earth pressure resultant acting on the 

wall and the tensile forces of the reinforcements. 

The free body diagrams for different slices are depicted in Figure 2.  

The assumed unknowns and equations are listed in Table 1. As the 

failure wedge consists of two parts, unknowns and equations should 

be written for two parts, separately. The number of slices for each part 

is calculated using the following equations: 
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Figure 1. Division Of failure wedge into horizontal slices 

   
  

 
                                                              

                                                             

where    is the height of the intersection point of failure surface and 

rear surface,    is the number of lower slices and    is the number of 

upper slices. The definitions of other parameters presented in Figure 1 

are as follows: β slope of failure surface and α slope of rear surface 

relative to the horizon,   width of the backfill and H height of the 

wall. The rear surface has been considered vertical and so the angle of 

α is 90 degrees in the current study. 

The vertical stress in the narrow locations obeys the arching theory  
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because of stiff surfaces surrounding the backfill and the limited width 

of the wall. The vertical interaction force between slices was calculated 

using equation proposed by Janssen [29]: 

   
  

 
 
      

     

     
 

     
      

                 

                    

where Xvi is the half length of the upper side of each slice, K is at rest 

earth pressure coefficient and is the soil unit weight. The location of 

application of    has been considered on the middle of upper side of  

Table 1. Governing equations and unknowns in current study 

Number Unknowns Number Equations 

             for each slice 

              for each slice 

              for lower slices 

                       for lower slices 

                     for upper slices 

                         for each slice 

      Summation       Summation 
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a 

 

b 

Figure 2. Forces and loadings associated with individual slices, a) upper 

slices, b) lower slices 

each slice. Based on the geometry of the problem, the location of 

application of    is calculated as follows: 

   
 

 

 
 

   
 
   

     
                                    

   
 

   
 
   

     
                                            

where hj is the height of the j
th

 slice. As given in Table 1, the horizontal 

interaction force between slices has been considered as a multiple of 

shear strength in the corresponding depth with a coefficient of  . The 

effect of this force is negligible and some of the previous researchers 

neglected this force in their calculations. In this study, the value of   
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was considered according to the charts suggested by Ahmadabadi and 

Ghanbari
 
[23]. 

The earthquake loading has been considered by pseudo-static 

earthquake forces using the horizontal and vertical seismic 

coefficients. The earthquake forces acting on each slice are obtained.  

                                                          

                                                          

where    and    are horizontal and vertical seismic coefficients, 

respectively and    is the weight of i
th

 slice. 

Equilibrium equations (Equations 10 to 14) were written for each 

slice and the system of equations was formed. By solving the system 

of equations, the unknowns were determined. As the angle of failure 

surface has been considered unknown, using trial and error method, 

different values were considered for this parameter and the most 

critical failure surface was determined by maximizing the summation 

of earth pressure resultant acting on the wall and the tensile forces of the 

reinforcements. In the upper slices, entire length of the reinforcements is 

located inside the failure wedge, and in the limit equilibrium analysis, 

no force is mobilized. Therefore, the system of equations for the upper 

slices consists of two equations. In the lower slices, reinforcements 

have bonded length outside of the failure wedge, so the tensile force is 

mobilized in them and the system of equations consists of three 

unknowns. Governing equations for the upper slices are as follows: 
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For the lower slices the governing equations are: 

                             

                                                            

                                

                                                                     

              
  

    
          

                    
 

 
        

  

         
            

 

 
       

      
             

According to the limited bonded length of reinforcement behind the 

failure wedge, the force mobilized in reinforcements should be equal 

to or smaller than the pullout resistance. Based on FHWA manual 

[11], pullout resistance of reinforcement layer is calculated using the 

following equation: 

   
 

   
                                              

where    is pullout resistance of reinforcement and    is bonded 

length.    is coefficient of pullout resistance which for granular soils it 

is considered equal to        .   is reinforcement effective unit 

perimeter that is considered equal to 2.   is scale effect correction 

factor that is equal to 0.8 in the current problem. Coverage ratio is 
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presented by    and its value was considered taken equal to 1.    is 

vertical stress at the depth of the reinforcement layer.     is factor of 

safety which should be greater than 1.5. 

 

Results and Discussion 

To study the effect of various parameters, different models were 

considered and analyzed using the computer code developed based on 

the formulation of horizontal slices method presented in the preceding 

sections. Variable parameters in the analyses are wall aspect ratio, 

internal friction angle of backfill material, horizontal and vertical 

seismic coefficients, vertical spacing of reinforcement layers and 

height of wall. Different values considered for these parameters are 

given in Table 2. 

The results of analyses have been presented in the form of lateral 

earth pressure on facing (P) and mobilized tensile force in reinforce-

ments (T) versus depth in Figure 3 to 8. Since the failure wedge 

consists of two parts, the obtained charts consist of two parts, too. In 

the upper part where the slices width is equal to the width of failure 

wedge, entire length of the reinforcements is placed inside the failure 

wedge and according to the basis of limit equilibrium method, no 

force is mobilized in them. Thus, whole the lateral earth pressure is 

carried out by the wall facing. However, in the lower slices 

reinforcements extend outside of failure wedge and a portion of lateral 

pressure is carried by the reinforcements. Thus, the total load is 

divided between reinforce-ments and wall facing. This leads to a jump 
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in the diagram of lateral earth pressure which occurs between the 

upper and lower parts. Also, in the upper slices the backside of slices 

is in contact with rear stable surface and the friction coefficient of this 

surface is equal to      but in the lower slices the backside of slices is 

in contact with soil and hence the friction coefficient is equal to     . 

This also increases the bound between the lower and upper parts of the 

lateral earth pressure diagram. 

Table 2. Values of variable parameters for sensitivity analysis 

Variable Parameter Unit Value 

    -               

𝛗 deg            

   -                

   -                

          

              

1. Effect of wall aspect ratio 

Variation of lateral earth pressure on facing (P) and mobilized force 

in reinforcements (T) in the height of wall for different aspect ratios 

(ratio of width to height of wall) are presented in Figure 3. In these 

graphs, wall height is equal to 9 m, internal friction angle of backfill is 

30 degrees, horizontal and vertical seismic coefficients are equal to 0.2 

and 0.05, respectively and vertical spacing between reinforcements is 

0.3 m. 
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As shown in Figure 3, in the upper part of the wall the lateral earth 

pressure increases with depth and its rate of increase is nearly 

independent of wall aspect ratio. In the lower part, lateral earth pressure 

has a decreasing pattern and becomes zero at the toe of wall. As can 

be seen in this figure, the applied soil pressure on facing considerably 

increases by reduction of wall aspect ratio. The main reason of this 

observation is the reduction of reinforcements bonded length with 

lessening of backfill width and so the main portion of soil pressure is 

carried by the wall facing. 

 
b 

 
a 

Figure 3. Comparision of distribution of a) lateral earth pressure on 

facing and b) mobilized force in reinforcements for different wall aspect 

ratios 
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in the lower layers, considerable forces are mobilized in the 

reinforcements which increase with depth. The results show illustrate 

that the reinforcement forces increase with increasing of the wall 

aspect ratio, which is in agreement with the above mentioned concept. 

2. Effect of internal friction angle of backfill material 

Effect of the internal friction angle of backfill for a wall with height 

of 9 m and aspect ratio of 0.3 has been represented in Figure 4. Other 

parameters are the same as the aforementioned values. It is obvious 

that the general pattern of lateral earth pressure is similar to Figure 3. 

As expected, the applied lateral earth pressure on the facing and the 

mobilized forces in reinforcements decrease with increasing of friction 

angle. Also, with increasing of friction angle, the slope of failure 

surface increases and so the intersection point of the failure surface 

and rear stable surface is located at a higher elevation. This is clearly 

identified according to the location of jump in graphs of Figure 4. 

3. Effect of seismic coefficients 

The effect of horizontal seismic coefficient is shown depicted in 

Figure 5. Based on the obtained results, in the upper part of wall, the 

lateral earth pressure increases with increase of horizontal seismic 

coefficient uniformly in depth. But in the bottom part, the horizontal 

seismic coefficient has no effect on the lateral earth pressure. Results 

for the mobilized forces in reinforcements in Figure 5(b) show that the 

reinforcement forces increase with increase of seismic coefficient. 
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Since the seismic load is proportional to the weight of slices, these 

observations can be related to the uniform size of the upper slices and 

decreasing size of the lower slices with depth. 

 
b 

 
a 

Figure 4. Comparision of distribution of a) lateral earth pressure on 

facing and b) mobilized force in reinforcements for different backfill 

friction angles 
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in upper and middle part of the wall height, but the effect of vertical 

seismic loading decreases with depth and becomes negligible at the 

toe of wall. Thus, it can be concluded that the downward seismic 
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wall. The results corresponding to reinforcement forces show an 

opposed pattern and reinforcements forces decreases with the increase 

of downward seismic coefficient. 

4. Effect of wall height and spacing of reinforcements 

In all of the preceding analyses, height of wall and spacing of 

reinforcements were 9 and 0.3 meters, respectively. To study the 

effect of these two parameters, a model with the height of 15 meters 

and vertical spacing of 0.3 meters and another one with the height of 9 

meters and vertical spacing of 0.6 meters were analyzed. To make the 

results comparable, the aspect ratio of both models were considered 

equal to 0.3. Results for the first analysis are presented in Figure 7 and 

for the second one has been displayed in Figure 8. 

In Figure 7 the values of lateral earth pressure and reinforcement 

force have been normalized by the wall height and plotted versus the 

normalized depth. It is observed that by normalizing the lateral earth 

pressure and reinforcement forces, the effect of wall height can be 

eliminated. This indicates that the lateral earth pressure and 

reinforcement forces are proportional to the wall height. 

Results for different vertical spacing of the reinforcement layers are 

presented in Figure 8. To compare the unit force of reinforcements, the 

reinforcement's forces were divided by the vertical spacing of 

reinforcements and presented in Figure 8(b). As can be seen, the lateral 

earth pressure and tensile stress of reinforcements are independent of 

the vertical spacing of reinforcements. 
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a                                    b 

Figure 5. Comparision of distribution of a) lateral earth pressure on 

facing and b) mobilized force in reinforcements for different horizontal 

seismic cofficient 

 

 

 

 

 

 

a                                    b 

Figure 6. Comparision of distribution of a) lateral earth pressure on 

facing and b) mobilized force in reinforcements for different vertical 

seismic cofficient 
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P/H(kp/m)                                               T/H(kpa) 
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a                                    b 

Figure 7. Comparision of distribution of a) normalized lateral earth 

pressure on facing and b) normalized reinforcement’s forces for 

different wall heights 
P(kpa)                                    T/Sv(kpa) 

 

 

 

 

 

 

 

a                                    b 

Figure 8. Comparision of distribution of a) lateral earth pressure and  

b) mobilized tensile stress in reinforcements for different vertical 

spacing of reinforcements 
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5. Comparison of reinforced and unreinforced backfills pressure 

The applied earth pressures on facing from narrow reinforced and 

unreinforced backfills have been compared in Figure 9. The lateral 

earth pressure of unreinforced backfill was calculated using the 

horizontal slices formulation described in the preceding section with 

omitting the reinforcement force. The diagram of mobilized tensile 

stress in the reinforcements has also been presented in Figure 9. Since 

no force is mobilized in the reinforcements of upper layers, the lateral 

earth pressure diagrams are matched for the both reinforced and 

unreinforced backfills in upper part of the wall. Also, it can be observed 

that the earth pressure in upper part of the wall is almost equal to the 

seismic active earth pressure calculated by the well-known Mononobe-

Okabe equation as follows: 

                                                       

   

 
           

                       
                  
                  

 

     

        
  

    
                                                  

where   is friction angle,   friction angle between backfill and wall 

surface,   slope of back of wall with respect to the vertical direction 

and   slope of backfill surface with respect to the horizontal direction. 

In lower part of the reinforced backfill, the reinforcements start to 

carry the earth pressure gradually with depth and so a portion of the 

load is carried by the reinforcements. In fact, the total earth pressure is 
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divided between the facing and the reinforcements. As can be seen in 

Figure 9, if the tensile stress of reinforcements is added to the applied 

pressure on the facing, it will be closely equal to the lateral earth 

pressure of the unreinforced backfill. Another important point is that 

the summation of the lateral earth pressure and tensile stress of 

reinforcements is nearly constant with depth. These findings can be 

used to construct the diagram of earth pressure and reinforcements 

tension distribution in height of the wall. 

 
Figure 9. Effect of reinforcement on lateral earth pressure 
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6. Comparison of results with Mononobe-Okabe equation 

The resultant thrust for the lateral earth pressures of different models 

that are presented in Figure 3 to 8, were calculated and compared to 

the thrust of the seismic active earth pressure obtained from the 

Mononobe-Okabe equation: 

        
 

 
     

                                            

In Figure 10 the ratio of lateral earth thrust from horizontal slices 

method (        ) to Mononobe-Okabe equation (      ) was plotted 

versus the wall aspect ratio. It can be observed in this figure that the 

applied earth thrust on the facing decreases with increasing of the wall 

aspect ratio. As stated before, this observation is mainly related to the 

increase of reinforcements bonded length behind the failure wedge. As 

shown in Figure 10, the average of normalized lateral earth thrust 

varies from 0.53 to 0.34 by increasing of the wall aspect ratio from 0.3 

to 0.5, respectively. 

In the current design method, the facing is designed to support the 

active earth pressure developed in an unreinforced backfill [24]. 

However, Figure 10 indicates that the exerted pressure on the facing is 

significantly smaller than the active earth pressure of unreinforced 

backfill. Also, in the study of Ahmadabadi and Ghanbari [23] the lateral 

earth pressure in reinforced soil walls with unlimited backfill space was 

obtained less than %10 of the lateral earth pressure of unreinforced 

backfill which is due to the sufficient anchorage length of 

reinforcements. However, Figure 10 shows that in narrow backfills 
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owing to limited length of reinforcements, the pressure on the facing 

is considerably greater than the unlimited backfill. 

 
Figure 10. Variation of ratio of lateral earth thrust from horizontal 

slices method to Mononobe-Okabe equation versus wall aspect ratio 

 

Conclusion 

In the current study, the seismic active earth pressure applied on the 

full-height rigid facing in the narrow geosynthetic-reinforced retaining 

walls with a stable rear surface was evaluated using limit equilibrium 

approach and horizontal slices method. The critical failure surface was 

assumed to extend linearly from the wall toe to the rear surface and 

then moves along the interface of the backfill and rear surface up to 

the backfill surface. 

Because of the special shape of the failure wedge, the entire length 

of the upper reinforcements is placed inside the failure wedge and 

based on the limit equilibrium method, they  not carry any load and 
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the soil pressure distribution is the same as the unreinforced backfill. 

The soil pressure in this part almost matches with the classical 

Mononobe-Okabe method. Below the intersection of the failure 

surface and rear wall, the reinforcements start to carry the earth 

pressure gradually with depth. By growing of the carried load by 

reinforcements, the applied pressure on the facing reduces until it 

reaches zero at the wall toe. The summation of the soil pressure and 

reinforcements tensile stress is nearly constant with depth and equal to 

the unreinforced backfill pressure. 

By decreasing of the wall aspect ratio, the size of the lower part of 

the failure wedge and bonded length of the reinforcements decreases 

and consequently, the applied earth pressure on the facing increases. It 

was found that the ratio of resultant earth thrust to the Mononobe-

Okabe equation is varying from 0.53 to 0.34 for the wall aspect ratio 

of 0.3 to 0.5, respectively. 
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